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Abstract. Control laws’ design strategies in order to stabilize integro-diffe-
rential systems with delays are developed by using an extended system and the
delay measure.

Key words: integro-differential systems, distributed delays, stabilizability.

1. Introduction and problem statement. Mathematical models with
time-delay constitute a natural way to represent a wide class of physical
systems such as transportation problems, population growth laws and eco-
nomic systems. The presence of time-delay in dynamical discrete linear
equations can be overcome, when necessary, by using extended systems
(Franklin and Powell, 1981). The stabilizability conditions for systems
with general delays in state were extended by Pandolfi (1975) and also
by Bhat and Koivo (1976). In a work due to Olbrot (1978) open-loop
stabilizability problems for systems with control and state delays were
defined. A characterization of trajectory-stabilizable systems, and of the
relations between state- and trajectory-stabilizability were given Tadmor
(1988); trajectory stabilizability is an appropriate notion in the presence of
delays. Conditions for the delay-independent stabilization of linear sys-
tems were given by Amemiya et al. (1986), being the upper bound or the
lower bound of the decay rates assignable, and Akazawa et al. (1987), by
using in the proof matrices with some of their elements being arbitrary.
In addition, Fiagbedzi and Pearson (1986, 1990) introduced techniques
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for the feedback and output feedback stabilization of delay systems by
using a generalization of the transformation method. Furthermore, Mori
et al. (1983) developed a way to stabilize linear systems with delayed
state.
The stability of a linear delay-differential system with a point delay in
its state has been studied in different works (Mori et al., 1982; Hmamed,
1985, 1986 a-b; Mori, 1986; Bourles, 1987; Mori and Kokame, 1989).
In this note, several criteria in order to design stabilizing control laws
for integro-differential systems with a distributed delay in their state are
introduced by using the delay measure and an associated extended system
under the form of a linear-differential system with a point delay in its state.
In particular, the problem of stability for a scalar differential system
with two point delays in its state has been considered by several authors
(see, for instance, Juri and Mansour, 1982). However, the exact delay-
dependent algebraic stability conditions of such a system were not known
until a recent result (Schoen and Geering, 1993), which was obtained by
using an instability criterion together with the ID-decomposition method.
The paper is organized as follows: Section 2 introduces the con-
cepts of matrix measure and delay measure, and points out some stability
results that will be used in the sequel. Section 3 introduces the main sta-
bilizability results by using the delay measure notation and the associated
extended system. Section 4 presents a result for stability of systems with
two point delays. Section 5 points out the main stabilizability results for
an integro-differential system with two distributed delays in its state. Sec-
tion 6 rewrites some stability results under the presence of two state-point
delays by using the delay measure. Finally, conclusions end the paper.

2. Matrix measure, delay measure and stability results. Matrix
measure has been widely used in the literature when dealing with stability
of delay-differential systems (see for instance Mori et al., 1982). The
matrix measure L for matrix X is defined as follows:

I+eX|| -1
I+ eXl =1 "

The matrix measure defined in Eq. 1 can be subdefined in different
ways according to the norm utilized in its definition. For example, if one

wX)= liI'I(lJ
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considers 1-norms, the matrix measure can be computed as follows:

p1(X) = max | Re(zxk) + > lzal ] - (2)

=14

Consider the following class of linear delay-differential systems with
two point delays in the state and in the control variables:

z(t) = Az(t) + Aoz(t — h)+Bu(t) + Bou(t — q),
h,q € R, (3)

where A, Ag, B, Bo € W C R™*", being W the set of n-matrices
@ such that || Q|| < oo.

DEFINITION 2.1 (Alastruey and Gonzilez de Mendivil, 1993) the
delay measure for system (3) is defined as follows:

[ 4o]l% + || Bollg

a(A) + u(B) “)

¢(h,q) =

REMARK 2.1. If there is no delay (i.e., h,q = 0, or Ay and By are
null matrices), then the delay measure is zero. On the other hand, if the
point delays h and g verify 0 < h < 00, 0 < ¢ < 00, and there is not a
delay-free term (i.e., A, B are matrices of zeros) then the delay measure
is infinite. Therefore, the delay measure can be considered, intuitively, as
a way to evaluate the effect of delay terms in a system compared with its
delay free terms.

Let’s introduce some stability results by using delay-measure no-
tation. This representation will be useful in order to deduce the main
stabilizability results that are to be presented in Section 3.

Consider the free linear delay-differential system:

i(t) = Az(t) + Aot — h), with A, A€W,  (5)

where A, Ag € W C R™*", being W the set of n-matrices ) such
that || Q|| < oo.
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Lemma 2.1 (Alastruey and Gonzalez de Mendivil, 1993). Provided
h > 1, a sufficient condition for system (5) to be stable is

§(h) < -1. (6)

REMARK 2.2. Observe that for system (6) the delay measure is
reduced to
l| Ao~

(h,q) = (k) = i (7)

Alternatively, one of the simplest conditions for stability in system
(5) is given in terms of the matrix measure as follows.

Lemma 2.2 (Mori et al., 1982). A sufficient condition for system
(5) to be stable is given by

#(A) < =l 4oll = u(A) + [|4ofl < 0. (8)

The Lemmas introduced in this section will enable us to deduce the
main stabilizability results in the sequel.
Some properties of the delay measure are outlined.

PROPERTY 2.1. Lower bounds for the first derivatives of the delay
measure:

_oe(hg) 4 140
= Toh T WA @ A e @
_dt(he) _ |IBol EX

=0 T A +u® A e 0

PROPERTY 2.2. Absolute lower bound for the delay measure (sup-
posing h, q variables):
[4oll2 +1[Bollg . l4ollh + || Bollg
#(A) + u(B) MA)+u(B) ~  (11)
with h=minh and ¢ = ming.

f(h’ Q) =
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REMARK 2.3. Observe that property 2.1 helps to estimate bounded-
ness conditions for the variations in value of the delay measure. Property
2.2 gives absolute boundedness conditions for the delay measure, provided
that n-matrices appearing in (7) belong to the class W.

3. Stabilizability of integro-differential systems with one distribu-
ted delay. In this section conditions for a control law to stabilize an
integro-differential system with one distributed delay in its state will be
discussed by using an associated extended system. Several results are to
be introduced.

Consider the following integro-differential system with one distribu-
ted delay in its state, and containing a control law with a point delay and
a control law with a distributed delay.

t

z(t) =Az(t) + /Ag:v(t' — h)dt'

0

+ % B uy(t) + Bylui(t — h)

14

+ [ [Bua) + Btuae — 1) dt'] S¢E)

0

with z(t) = g(¢) for all ¢ < 0, where A, Ag, B!, B}!, B?2  B2% ¢
W C R*™ ™, uy(t),uz(t) = 0Vt <Oand h € R*

Result 3.1. Consider two control laws (%), u2(t) defined by the

delay-differential equations
-3 S5 S
0

T [0

+| B
C A [ I
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A sufficient condition for control laws (13) to stabilize system (12) is
given by

0 I, B! 0
. _ 0 A 0 B2
gl—r-r(l) e || fan+e Dl o EY 0 -1
0 D2 ( E?*
0 0 B* 0
\ A 0 0 B2
+ Dél 0 EM 6 <0, (14)
0 D2 0 EX
where 0 are blocks of n X n zeros.
Proof. Consider the free part of system (12)
t
a() = As(t) + / Aoz(t' — R)dt', (14)
0

with 2(t) = g(¢) for all ¢ < 0. By differentiating system (14) one gets
E(t) = Az(t) + Aoz(t — h), (15)

with 2(t) = g(t) Vt < 0. Define the 2n-vector Z(t) = [ﬁgg] . From
Eq. 14 and Eq. 15 one gets

o [£0]-[¢ 5[]
R

By defining

o
]

|
|

{Z] ,  2n X 2n-matrix,

20
1f

ol ol
2 o ‘

] , 2n X 2n-matrix,

ol ol
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one gets finally ) _ _

System (17) is called “associated extended system ” of the free sys-
tem (14). Firstly let-us investigate stabilizability for system (14) by using
control laws (15). The controlled associated extended system becomes

Z(t) = AZ(t) + AoE(t — h) + Bi(t) + Boii(t — h),  (18)
where ’
~ [B® D ~ _[BM 0 o [ua(t)

Observe that Eq. 15 and Eq. 17 can be rewritten as one single delay-
differential equation as follows

)-[5 2]+ [ B][E=R] o
Define

Bl 2 _[4 B
E|’ “°T | Dy, E,|’

2(t) = [a’f(t) : aT(t)] T, A=

'bz:n'z

where 2(t) is a 4n-vector and A, Ag are 4n X 4n matrices. Then, Eq. 19
can be rewritten as

#(t) = Az(t) + Aoa(t — h). (20)
Observe that -
r 0 I, B! 019
i_|0 4 0 B®
- Dll '6 Ell 6 )
| 0 D®? 0 E*2
M _ 21
0 0 B 0 7 (1)
A= Ao 0 0 B2
= |D* 0 E}' 0
| 0 D2 0 E2.
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If, by hypothesis, condition (14) holds, then

Lin + 4] — 1 ~
1im<“4 +§ | )+||Ao||<0.

e—0

And therefore R 5
#(A) + ]| 4ol <O.

(22)

(23)

Then by Lemma 2.2, system (20) is stable, i.e., system (14) is sta-
bilizable by control law (13). Observe that the controlled associated

extended system (18) becomes
t
z(t) =Az(t) + / Aoz(t' — h)dt'
' 0

+ BYuy(t) + Bilus(t — b),
i(t) =Ai(t) + Aoz(t — h) + B*us(t)
+ B3uy(t — h).
Integrating Eq. 25 yields

z(t) =Az(t) + / Aoz(t' — h)dt'

t t
+ / B2y, (t")dt' + / B22uy(t' — h)dt'.
0 0
Finally, by adding Eqns. (24) and (26) one gets

aﬂ=Aan+/A@w_hm£

+ % (B ua(t) + Byl wa(t — )
t t

+/B“uz(t’)dt’ +/B§2u2(t’ — h)dt'|,
0 0

(24)

(25)

(26)
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and the controlled system (27) — which coincides with (12) - is stable.
Result 3.1 can be rewritten in terms of the delay measure as follows.

Result 3.2. Consider two control laws uj(t), uz(t) defined by the
delay-differential equations

)= 15 o] 8]+ e [1]

| )

EN 0 1 [w(t-h)
I 3] b} @
and consider also the auxiliary system
w(t) = Aw(t) + Agw(t — h), (29)
where _ _
F 0 I, B 0 1
2|0 4 0o B2
- Dll 6 Ell 6 ’
L 0 D* 0 E??|
— — — 21
Y 0 B} 0 1 (21)
~ Ao 0 0 Bgz
4=Ipn 9 E' 0
. 0 D2 0 E2|

A sufficient condition for control laws (28) to stabilize system (12) is
given by
§(h) < ‘17 (31)

where £(h) is the delay measure referred to the auxiliary system (29).

Proof (outline). The proof follows immediately by considering Lem-
ma 2.1 and taking into account that condition (31) for the auxiliary system
(29) is equivalent to condition (22) of Result 3.1.



270 Modelling, simulation and control for integro-differential systems

4. Stability with two point delays. The following theorems will be
useful in the next section in order to deduce stabilizability conditions for
an integro-differential system with two distributed delays in its state given
in terms of algebraic relations.

Consider the following scalar system with two point delays in its
state

z(t) = apz(t) + a1z(t — h) + azz(t — 2h), (32)
where ag, a; and a, are constant coefficients and A > 0.

Theorem 4.1 (Schoen and Geering, 1993). The time-delay system
(32) with |az] < 7/2h is asymptotically stable if and only if the
following three conditions hold for some y € [0,7/h)

@) ag +a; + a2 <0, (33)
R i CLO N (34)
sin(yh)
Yy '
(i) a3 > _sin(yh) — 2a3 cos(yh). . 35)

Now we provided an extension of Theorem 4.1 for the linear multivariable
case with diagonal matrices. '

Theorem 4.2. Consider the following linear MIMO system with
two point delays in its vector-state

#(t) = Aoz(t) + Are(t — h) + Apa(t — 2h),  (36)

where Ag, A1 and Aj are real constant diagonal n X m-matrices
and h > 0. Consider the following n X n-matrices

[ T
D= [~ (ja - 57)] (57)
E=—(Ao+ A1 + A3), (38)
_ [yij cos(yijh)
F= | ath) ] ’ (39)
[ yij 2
= |29 2 e 4
G _sin(y,-jh) + 2a‘z] Cos(y J )] ( 0)
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where a?j are the elements of matrix Az and y;; € [0,%] 4,5 =

1,...,n are real numbers. Then the time-delay system (36) with
D positive is asymptotically stable if the following three conditions

hold for some set of values y;; € [O, %] ,y=1,...,n:

(i) E is positive (Golub and Van Loen, 1986), 41)
(i) Ao = F + Ay, . 42
(iii) A; + G is positive. 43)

Proof. Let’s rewrite system (36) as follows

tr =adi 1 () 4 ...+ alizi(t) + ...+ ad,za(t)
+alizi(t=h)+...+apzi(t — R)
+ ...+ aj,za(t —h)
+a 21(t —2h) + ... + adpzi(t — 2R) .
+.. 4k za(t—2R), (44)
where k = 1,...,n. Therefore. Eq. 44 contains the scalar differential
equations representing the time-evolution of all the state variables of sys-
tem (36). If asymptotic stability is demonstrated for Eq. 44, the proof

will be done, because of the diagonal hypothesis on the system matrices.
Again, it is possible to rewrite (44) as follows

$1(t) = F1()+. . ATk1 (D) +FZh(E)+Zrg1(B)+. . . +Zn(t), (45)
where

Z1(t) =a},21(t) + afy 21 (t — b) + afy 21 (¢ — 2h),

Tr-1(t) =af_py@r-1(8) + Gy @r-1(t — h)
+ ai(k_l)xk_l(t — 2h),
2k (t) =ayzr(t) + ahgze(t — h) + afyza(t — 2h),
ék+1(t) za(l)c(k+1)$k+1(t) + a}c(k-}-l)xk'i'l(t —h)
+ a?c(k+1)wk+1(t — 2h),
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Tn(t) =alpen(t) + aknz1(t — h) + afpea(t — 2h), (46)

but, by using (41), subsystems (46) satisfy the following coefficient rela-

tions ’

0 1 2

agy +ax1 +apy = —ex1 <0,
0 1 2

gk + apx + agp = —exr <0,
0 1 2

Qrn + Qrn + Apn = —€kn < 0.

Furthermore, by using (42) one gets

_ Yk1cos(yk1h)

0 _ 2 _ 2
ayy = fr1 +ax; —sin_(ykl h_) + a1,
o _ 2 _ Yrkcos(ykkh) | o
apr = frk + 0k = Tein(yreh) + ak;

0 _ 2 _ Ykn cos(yxn h)
Agp = fkn + agp, = sin(yknh)

Finally, by using (43)

Yk1

axy + 9k =ag + sin(ur ) + 2af,; cos(yr1) > 0,
Yrk

a}ck + grr = ai.k + m + 2aik COS(ykk) > 0,
Ykn

Qhp + Gkn = Gk, + m
n

2
+ Qpp -

+ 243, cos(ykn) > 0.

(47)

(48)

(49)
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Therefore, scalar subsystems (46) satisfy the three conditions of Theo-
rem 1, and then they are asymptotically stable. As system (44) is a linear
combination of systems (46) because of diagonal hypothesis on system
matrices, asymptotic stability for system (36) is deduced.

5. Main stabilizability results for a system with two distributed
delays. In this section conditions for a control law to stabilize an integro-
differential system with two distributed delays in its state will be discussed
by using an associated extended system. A main result is introduced.

Consider the following integro-differential system with two distribu-
ted delays in its state, and containing a control law with two point delays
and a control law with two distributed delays.

2(t) =Az(t) + [ Arz(t' — R)dt' + [ Azz(t — 2h)dt'
/ /
+ % (B ua(t) + B us(t — ) + By un(t)(t — 2)]

¢
+ %/ [B22U2(t,) + B22uy(t' — h)

0
+ B2uy(t' — zh)] dt', (50)

with z(¢) = ¢(t) for all t < 0, where A, A;, A,, Bl B! Bl
B?2 B2 B?2 ¢ W C R™ ™, uy(t),u2(t) =0Vt < O and h €

R, where W is the class of diagonal real matrices.

Theorem 5.1 (Asymptotic stabilizability). Consider two control laws
u1(t), uz(t) defined by the delay-differential equations

20 2] (5 211
[ R
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[ e
| ] e

Define the following 2n X 2n-matrices

i= 3 5], a=[2 1) 52
=[5 &) 5=[ 2]
§2_=_[B6%1 Bgz]i

=% & 5[ 3]
D, = [Dﬁél Dgz];

=[5 2 22(T 2]
(7 2]

Define the following 4n X 4n-matrices

Modelling, simulation and control for integro-differential systems

(83)

(54)

~

/\= ‘;4: E -~ — gl El " — g2 QZ .
A= [D E] , A1 = [Dl El]’ Az = [Dz Ez] (39)
5= - ( '&?j _ %)] where Efj are the elements of ;1\2; (56)
EE—(Z+21 +22); (57)
5 [ yij cos(yijh)]

F= | sin(yijh) ] ’ %)
5[ v ~3 g
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where y;; € [0, %] 4,5 = 1,...,n are real numbers.

Control laws (51) provide asymptotic stability for system (50) if the
following four conditions hold for some set of values y;; € [0, %], ¢,5 =
1,...,n:

@) D positive, (60)
Gi) E positive, (61)
Gi) A = F + A,, (62)
Gv) Ay + G positive. (63)

Proof. Consider the free part of system (50)

t t

3(8) = Aa(t) + / Ara(t — h)dt + / Apa(t' — 2R)dt', (64)
0 0

with z(t) = g(t) for all ¢ < 0. By differentiating system (64) one gets

Z(t) = Az(t) + A1z(t — h) + Azz(t — 2h), (65)

with () = §(t) V¢ < 0. Define the 2n-vector Z(t) = [ZE:;] . From
Eq. 64 and Eq. 65 one gets

- (2]

Il
——
+ ol ol
| ——|
S
| ESE—— )

E*OI}OI S

+

sl lsezm] e

By using definitions in Eq. 65, Eq. 66 can be rewritten as follows

Z(t) = AZ(t) + A1Z(¢ — ) + A 3(t — 2h). (67)
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System (67) is called “associated extended system” of the free system
(64). By applying the proposed control laws system (67) one gets
Z(t) =AZ(t) + A13(t — B) + A3(t — 2h)
+ Bii(t) + Byii(t — k) + Baui(t — 2h),  (68)
where
~ _ ul(t)
o= ] (69)
Observe that Eq. 51 and Eq. 68 can be rewritten as one single delay-
differential equation as follows

1-15 2] [0 [ 2] R3]
EED w
Define
A1) = [F@) 7T @), (71)

where z(t) is a 4n-vector and A, Ay, Ay, are 4n x 4n matrices defined
in (65). Then, Eq. 70 can be rewritten as

3(t) = Az(t) + Ay 2(t — B) + Ap2(t — 2B). (72)

If, by hypothesis, conditions (50)-(53) hold, then by Theorem 5.1
system (72) is asymptotically stable, i.e., system (57) is asymptotically
stabilizable by control law (59).

Observe that the controlled associated extended system (68) becomes

z(t) =Az(t) + / Ayz(t' — h)dt’

+ By (t) + Bituy(t = h) + B ua(t — 2h), (73)
#(t) =Az(t) + Asz(t — h) |
+ B%2uy(t) + B*2uy(t — h) + B2uo(t — 2h). (74)
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Integrating Eq. 74 yields

3() =As(t) + / Ara(t' — h)dt' + / Apo(t' — 2h)dt'

0

t
+ [ B2u,(t")dt' + / B22u,(t' — h)dt' (75)
0

+ Bgzurz(t, - 2h)dt’.

c\“ c\‘H

Finally, by adding Eq. 73 and Eq. 75 one gets
t t
z(t) =A=z(t) + / Arz(t' — h)dt' + / Azz(t' — 2h)d¢’
0 0

2
t
+ % / [B22u2(t') + B2uy(t' — h)
0
+ B2y, (# — zh)] dt', (76)

and the controlled system (76) — which coincides with (50) — is asymp-
totically stable.

Theorem 5.1 provides a way to evaluate asymptotic stabilizability of
a delay-differential system with two distributed delays in its state. The
evaluation is made on the context of a set of algebraic relations, which
are very suitable for computer applications.

6. Stability by using delay-measure approach. In this scction, some
stability results for a class of free linear differential systems with two point
delays in the state vector are introduced under delay-measure notation.
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Consider the free linear delay-differential system:
&(t) = apz(t) + a12(t — h) + azz(t — 2h), (77)

where ag, a; and a, are constant coefficients and A > 0. It is possible
to extend the definition of delay measure for system (77) as follows:

DEFINITION 6.1. The delay measure for system (77) is defined as
follows: ‘
() = a2zl
|ao|
The stability criteria introduced in Theorem 4.2 can be rewritten by
using the delay measure as follows.

(78)

Theorem 6.1. Suppose that dy € R™, aj,a; € R*. System
(77) is asymptotically stable if the following condition holds for
some y € [0,7/h):

§(h)  y-cos(yh) _ a1 .
h sin(yh) ~ ao (79)

where the delay measure function is that defined in (78).

Proof. Condition (79) implies that

£(h) | y-cos(yh)  ai .
h + sin(yh) ~ |ao| % (80)
therefore
|ai] y- cos(yh)
2 - = | h=&h
|lao] sin(yh) £ )
: ‘ y- cos(yh) _
= |a1]h — |ao|2h Sn(yh) 2h = |ay|h + |az|2h
1 __y-cos(yh) 1.
= 2|‘11| lao| = sn(yh) + 2|0L1| +‘|é2|
. h .
= —|ao| = y- cos(yh) + lag|. (81)

sin(yh)



Carlos F. Alastruey et al. 279

But expression (81) coincides with condition (ii) in Theorem 4.2.

The main utility of Theorem 6.1 is that it substitutes one of the
system’s parameters appearing in condition (ii), Thé_orem 4.2, (ie., ag)
by another one (i.e., a;). Thus, Theorem 6.1 can be useful for evaluating
asymptotic stability of the system when a is not available, or the use of
aj is more suitable for some design reason.

Theorem 6.2. Suppose that ap € R™, aj,az € RY. System
(77) is asymptotically stable if the following condition holds for
somey € [0,7/h): -

§(R) 2|az| - y
e [ cos(yh) — 1] o] ~ Jaglsin(gh). (82)
Proof. Condition (82) implies
yh |az|
B> _——v° —1]1¢2!
E(h) > o[ sin(yh) + [cos(yh) — 1] |(10|2h
_ lailh +|az|2h | |az|2h yh
= 1-— )| >—-——"—"F——
ol Jaol 7 OM) >
)
= |ap| > R 2|az| cos(yh). (83)

But expression (83) coincide with condition (iii) in Theorem 4.2.

Similarly to Theorem 6.1, the main utility of Theorem 6.2 is that
it substitutes one of the system’s parameters appearing in condition (iii),
Theorem 4.2, (i.e., a;) by another one (i.e., ag).

7. Conclusions. This note has introduced two important results for
stabilizabiliiy of a class of integro-differential systems with one distributed
delay, by using the delay-measure notation and an associated extended
system. The concept of delay-measure allows to express stabilizability
results in a very simple way. The delay-measure function can be imple-
mented for computational purposes and permits to establish a study about
in what measure the stability depends on the delay terms. :

It also provides sufficient conditions for testing asymptotic stabiliz-
ability of a class of delay-differential systems with two point delays in
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their state. The conditions are given in terms of algebraic relations, useful
for computer applications.

The control is given in terms of two independent control laws defined
by using dynamic differential equations which contain point delays. The
control laws are independent in the sense that each one of them are applied
independently to the state equation (i.e., they are not interconnected).

Finally the note provides also two results for asymptotic stability of
a class of linear delay-differential systems, with two point delays by using
a delay-measure approach.
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REFERENCES

Akazawa, K., T.Amemiya and H.Tokumaru (1987). Further condition for the
delay-independent stabilization of linear systems. Int. J. of Control, 46(4),
1195-1202.

Alastruey, C.F,, and J.R.Gonzélez de Mendivil (1993). Stabilizability of a class of
linear delay-differential systems. Informatica, 4(3—4), 255-266.

Amemiya, T., K.Akazawa and H.Tokumaru (1986). Conditions for the delay-
independent stabilization and the decay rate assignability of linear systems. Int.
J. of Control, 44(6), 1725-1735.

Bhat, K.P.M., and N.H.Koivo (1976). An observer theory for time delay systems.
IEEE Trans. Autom. Control, 21, 266-269.

Bourlés, H. (1987). «-Stability of systems governed by a functional differential
equation — extension of results concerning linear delay systems. Int. J. of
Control, 45(6), 2233-2234.

Dela Sen, M. (1993). On the stabilizability, controllability and observability of lin-
ear hereditary systems with distributed commensurate delays. Int. J. of Systems
Sci., 24, 33-52.

Fiagbedzi, Y.A., and A.E.Pearson (1986). Feedback stabilization of linear au-
tonomous time lag systems. IEEE Trans. Autom. Control, 31, 847-855.

Fiagbedzi, Y.A., and A.E.Pearson (1990). Output feedback stabilization of delay
systems via generalization of the transformation method. Int. J. Control, 51(4),
801-822. :



Carlos F. Alastruey et al. 281

Franklin, G.F,, and J.D.Powell (1981). Modern Digital Control. Reading, Mas-
sachussets.

Golub, G.H., and C.F.Van Loan (1986). "Matrix Computations”, (Surrey, U.K.:
North Oxford Academic Publishers Ltd).

Hmamed, A. (1985). Comments on "On an estimate of the decay rate for stable
linear delay systems". Int. J. of Control, 42(2), 539-540.

Hmamed, A. (1986a). On the stability of time-delay systems: new results. Int. J.
of Control, 43(1), 321-324.

Hmamed, A. (1986b). Stability conditions of delay-differential systems. Inz. J. of
Control, 43(2), 455-463.

Jury, E., and M.Mansour (1982). Stability conditions for a class of delay differential
systems. Int. J. Control, 35, 689-699.

Mori, T., N.Fukuma and M.Kuwahara (1982). Int. J. of Control, 36, 95. pp.

Mori, T., E.Noldus, and M.Kuwahara (1983). A way to Stabilize Linear Systems
with Delayed State. Automatica, 19(5), 571-573.

Mori, T. (1986). Further comments on *Comments on "On an estimate of the decay
rate for stable linear delay systems". Int. J. of Control, 43(5), 1613-1614.
Mori, T., and H.Kokame (1989). Stability #(t)=Az(t)+Bz(t—7). IEEE Trans.

Autom. Control, 34(4), 460-462.

Olbrot, A.W. (1978). Stabilizability, Detectability, and Spectrum Assignment for
Linear Autonomous Systems with General Time Delays. IEEE Trans. Autom.
Control, AC-23(),5 887-890.

Pandolfi, I. (1975). On feedback stabilization of functional differential equations.
Boll. Un. Mat. Ital., 4, 626-635.

Tadmor, G. (1988). Trajectory Stabilizing Controls in Hereditary Linear Systems.
SIAM J. Control and Optimization, 26(1), 138-154.

Schoen, G.M., and H.P.Geering (1993). Stability condition for a delay differential
system. Int. J. Control, 58, 247-252.

Received August 1994



282 Modelling, simulation and control for integro-differential systems

C. F. Alastruey was born in the Basque Country in 1963. In 1981
he became Baha’i. He received the degree of Physicist (area: Electron-
ics and Control) from the University of the Basque Country in 1988,
and the degree of Doctor in Physics from the same university in 1993.
He is professor in the Department of Electricity and Electronics in the
University of the Basque Country. His research interests are mathemati-
cal and computing modelling of functional differential equations, control
and identification of delay-differential systems and control of industrial
processes.

J. R. Gonzilez de Mendivil was born in the Basque Country in
1963. He received the degree of Physicist (area: Electronics and Control)
from the University of the Basque Country in 1987, and the degree of
Doctor in Physics from the same university in 1993. He is professor in the
Department of Electricity and Electronics in the University of the Basque
Country. His research interests are the preblems of dead-lock detection
in computing systems and the simulation and modelling of dynamical
systems.

F. Arjomandi was born in Iran in 1967 in a Bah4'i family. He
received the degree of Technical Engineer (area: telecommunications)
from the Polytechnical University of Catalonia. His research interests are
modelling of electronic systems.



