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Abstract. We consider finite population slotted ALOHA where each of n 
terminals has its own transmission probability Pi. Given the overall traffic load 
A, the probabilities Pi are determined in such a way as to maximize throughput. 
This is achieved by solving a constrained optimization problem. The results of 

Abramson (1970) are obtained as a special case. Our recent results are improved 
(Mathar and Zilinskas, 1993). 
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The throughput dA of the ALOHA-protocol is well known to be 
dA = Ae-2,X (Abramson, 1970; Tanenbaum, 1988), where A denotes 

the total traffic load offered to the system. To obtain this result it is 
supposed that data packets arrive according to a homogeneous Poisson 

process with constant intensity A > O. Without loss of generality it may 

be assumed that data packets have a length of one time unit, i.e., time 

units are determined by the packet length. Throughput is defined as the 
average number of successfully received packets per time unit. 

The maximum throughput of ALOHA is 1/2e :=;:j 0.184, which is 
achieved at A = 0.5 (one packet arriving each two time units on the 

average). This is a relatively small value, and Roberts (1972) published 

a protocol for doubling the capacity. His method is known as slotted 
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ALOHA and works as follows. TIme is devided into slots of a packet 

length. A station is not allowed to send whenever it wishes, but instead has 

to wait for the beginning of the next slot. Slotted ALOE-IA has been an­

alyzed in an approximate model to have throughput dsA = ).e-A which 

is maximum for ). = 1 with value 1/ e. Analogously to the continuous 

model). means the expected number of packets transmitted per slot. If 
two or more packets are transmitted in the same slot collisions occur and 

all packets involved are destroyed by superposition. The corresponding 
model assumes a large number of users K, each independently transmit­

ting with equal probability ). / K. Throughput is obtained by considering 

the limit as K ---7 00 (Roberts, 1972; Tanenbaum, 1988). 

In this note we consider finite population slotted ALOHA with dif­

ferent access probabilities. Abramson (1985) has investigated a particular 
model of this type with fixed traffic load ). = 1. He considered two 

groups of n1 and n2 users, respectively, each with different access prob­

abilities gl and g2' He concludes that the asymmetric case (gl large 
and g2 small such that n1g1 + n2g2 = ). = 1) achieves large overall 
throughput given in (1). 

We extend the results of Abramson (1985) by maximizing throughput 
over all access probabilities of n individual users such that the traffic load 

is fixed. As a special case we observe the claim of Abramson concerning 

asymmetricity, but only for small values of).. For)' approximately 

larger than e = 2.718 ... again a symmetric distribution of traffic load 
turns out to be most favorable. The method we use is to show that many 

local maxima are dominated by only two, and in spite of multimodality of 
the objective function, the global maximum is obtained without numerical 

comparison of a large set of potential solutions, as is suggested in (Mathar 

and Zilinskas, 1993). 

Let us assume a finite community of n users. Each of them transmits 

in a slot independently of all others with probability Pi, 0 ~ Pi ~ 1, 

i = 1, ... , n. The expected traffic load, i.e., the average number of 

packets ready for transmission in a slot is ). = L:~=1 Pi. The probability 
that a packet will be successfully transmitted in a particular slot obviously 

coincides with the throughput, and is given by 
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n· 

d(pl, ... ,Pn) = LPi 11(1- Pj)· 
i=l j=j:.i 

(1) 

Maximizing throughput w.r.t. a fixed traffic load 0 < ). ~ n may be 

formulated as to 

maximize d(pl' ... ,Pn) 

Let P = (PI, ... ,Pn). 
p~) is obvious since 

n 

such that 0 ~ Pi ~ 1, L: Pi =). > o. 
i=1 

In case ). ~ 1 the solution p* = (pr, ... , 

n 

d(p) ~ LPi =)., 

i=1 

and equality d(p*) = ). holds whenever Pk = ). for some k, and pi = 0 
for i =1= k. 

Hence, we can restrict our attention to the more complicated case 
). > 1, and first state some preliminary results concerning relative bound­
ary points of the constraining set 

n 

C = {p = (PI, ... , Pn) I 0 ~ Pi ~ 1, L Pi = ). }. 
i=l 

If Pi = 1 for at least two different components of P we have d(p) = 
0, which excludes P as a maximum point. If exactly one component of 
P equals 1, without loss of generality we may assume Pn = 1, then 

n-l 

d(PI, ... ,Pn) = 11 (1- Pj)· 
j=l 

From Marshall and Olkin (1979, p. 79) it is easily concluded that 
TIj::-ll(l - Pj) is a Schur-concave function such that the maximum of 

d(Pl, ... ,Pn-l, 1) over C is attained at pi = ~=~, i = 1, ... , n -1, 
and by symmetry of d, for any vector with permuted components. 
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This discussion shows that p* = (pr, ... , p~) with pi 1 for 
one component and pi = ~=i for i =I k is a candidate for a maximum 

point over the boundary of C with value d(p*) = (~=; )n-l. 
The points (0, ... ,0, ~=~ , ... , ~=i ,1) (and those with permuted 

components) with the throughput value f( k) = (~=; )k-l should also 

be considered as a candidate for a local maximum in corresponding 
(k - 1 )-dimensional hyperplanes on the boundary of the feasible set. 
But the function f (x) of the continuous variable x is monotonically in­
creasing because l' (x) > 0, as it is shown below. We have 

f'(x) = f(x)· (In(l- z) + _Z_), 
l-z 

where ° < z = ;=i < 1, 1 < A < n, f( x) > 0, and 

00 k 00 

In(l - z) + 1 ~ z = - L zk + L zk > 0. 
k=l k=l 

(2) 

This shows that the local maximum d(p*) dominates the local max­
ima attained at extreme points of lower dimensional faces of the feasible 
set. 

We now investigate interior points of C by a Langrangian setup. We 
search for stationary points by solving the system of equations 

Vd(p) +,Vg(p) = 0, 

where g(p) = 2:~=1 Pi - A = ° describes the restrictions. Carrying 
out differentiation yields the following system 

i=f.j k=f.j i=f.j,i=f.k 

j = 1, ... ,n, (3) 

g(p) = 0. 

After mUltiplying the j -th equation by (1 - p j) we get 
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n 

II(1- Pi) - 2:Pk II(1- Pi) +')'(1- Pi) = O. 
i=l k#i i#k 

This leads to 

II(1-Pi)+')'(1-Pi)=d(p) forallj=l, ... ,n, (4) 

i#i 

and the differences of the j -th and k-th equation give 

( II (1 - Pi) - ')') (Pi - Pk) = 0 for all j, k = 1, ... , n. 
i#i,i#k 

If Pi '# Pk for some j '# k it follows that rt~i#k(l - Pi) = ')', and 
from Pk '# Pl for some £ '# k it follows that lli#k,i#(l - Pi) = ')', 
which yields Pj = Pl. This shows that stationary points P have at 
most two different components. Thus, each stationary point P may be 
represented as P = (a, ... , a, b, ... , b) with k entries a and n - k of 
them equal to b, where ka + (n - k)b = A., k E {O, ... , n}. 

k = 0 and k = n means a = b = ~. By (3), with ')' = 

(A. - 1)(1 - ~ )n-2, it is easily verified that the corresponding point 
( >. A) . . P = n,···, n IS stattonary. 

Now let 1 ~ k ~ n - I, 0 ~ a, b < I, a '# b, and consider the 
system (4) for corresponding stationary points p: 

(1 - a)k-l(l - bt-k + ')'(1 - a) = d(p), 

(1 - a)k(l - bt-k- 1 + ')'(1 - b) = d(p). 

By elementary transformations it follows that 

Substituting,), in (4) and observing that 
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d(p) = (1 - a)k-I(l - bt-k-I(A - nab) = 1'(>' - nab), 

we obtain the following system for stationary points with two different 
components: 

nab - a - b = A - 2, 

ka + (n - k)b = A, 
o :::; a, b < 1, a i= b. 

(5) 

Now, let p = (a, . .. , a, b, ... , b) be a stationary point whose co­
ordinates satisfy the system of equations (5). Then b = b( a) = an+::~I2. 
We consider the monotone transformation 

<p(k,a) = Ind(p) = (k -l)ln(l - a) + (n - k -l)ln(l- b) 
+ In(A - nab), 

which does not alter the maximum points of d(p). It holds that <p a ( k, a) = 
o for all stationary points a, where <Pa denotes the partial derivative of 
<p( k, a) w.r.t. a. By the second equation of (5), a = a( k) is a function 
of k. Substituting k by the continuous variable x, and taking account of 
<Pa(x, a) = 0, we get 

<Px(x, a(x)) = In(l - a) -In(l - b) + <Pa(X, a) . a'(x) = 0, 

. I I 1 I-a O' 1 1 >"-k·a th >.. eqUlva ent y n I-b = ,l.e., - a = - n-k' us a = n' 
Hence, stationary points of <p( x, a( x)) satisfy a = ~, together 

with (5) implying that the maximum is attained at X = n. Therefore, 
the best local maximum over the interior of C is attained at the point 
pO = (~""'~) with the value>.. (1- ~)n-I. 

Comparing d(p*) and d(pO) shows that 
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iL\ > ( _n )n-l, 
n-l 

if A ~ ( _n )n-l. 
n-l 

(6) 

The local maxima over the relative interior of the ( k -1 )-dimensional 

faces of the boundary of C have a similar structure as pO, namely cp( k) = 
d(p,J = d(O, .. . ,0, ~, ... , ~) = A . (1 - ~ )k-l. In general cp is 
not a monotone increasing function of k. Assuming again a continuous 
variable x substituting k E :IN 0, and differentiating the function F( x) = 
In cp ( x) yields 

F'(x) = In(l- z) + _z _ _ :.. _z_, z = ~. 
l-z A l-z x 

Similar to the argument in (2), a power series expansion shows that 

~(k-l 1) k 
= L...J -k- -:\ z > 0, 

k=2 

whenever A > 2. The function cp( k) is increasing in k for A > 2, and in 
this case pO dominates the maximum points (of similar structure) over all 

relative interior points of the faces of lower dimension. The case A ~ 2 
is irrelevant since according to (6) the point pO is dominated by p*. 

Summarizing our results we conclude with the following 

Theorem. The throughput d(Pl,"" Pn) of slotted ALOHA 
with n users applying access probabilities ° ~ PI, ... , Pn ~ 1, 
2:7=1 Pi = A, is maximized at 

if A ~ 1, 

ifl < A ~ (~)n-l -.;;:, n-l , 

if A > (~)n-l. n-l 
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