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ON ADAPTIVE THRESHOLD INTERVALS
FOR STOPPING RECURSIVE LEAST SQUARES
IN THE SPACE OF PARAMETERS

Rimantas PUPEIKIS

Institute of Mathematics and Informatics
Akademijos St. 4, 2600 Vilnius, Lithuania

Abstract. In the papers (Kaminskas, 1972; Kaminskas and Nemura, 1975; Yin,
1989) the stopping rules of recursive least squares (RLS) are worked out using the
ellipsoidal confidence region for the respective parameter vector of a linear dynamic
system. The aim of the given paper is the development of the technique for calculating
threshold intervals of respective criterions, used in a stopping rule, which are presented in
Kaminskas (1972). In this connection adaptive threshold intervals based on the Cramer—
Rao lower bound are proposed here. The results of numerical simulation by IBM PC/AT
are given.
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1. Stopping rule of RLS. Consider a single input x;, and output U}, linear
discrete-time system, described by the difference equation

Up = —@1Up—1 — ... — GpUk—p + boZk + ...+ bgZr_q + N, (1)

where a;, i = 1,p, and b;, j = 0, ¢, are unknown parameters to be estimated by
processing some input—output observations zj and uy; p, ¢ are known positive
integers; Ny, is a sequence of independent Gaussian variables with zero mean

and o%;.
To calculate the estimate €,.; of the parameter vector ¢ = (a,
...y@p,bo, ..., by) we use ordinary RLS of the shape
€11 =6 + 51 Veespres41, (2)
[,Vees41VTes I
F3+1 — F, SV €s4+1 Ve €s41ls (3)

T 1+ VTe, 1Ty Veegys
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€s41 = Usq1 — V?C,.{.les, 4)
LCo,=9L > 1.

Here r
Cr1=(@",b )op1 = (@1,...,8p, b, .-, bg) (5)

is a vector of unknown parameter estimates obtained by recursive processing
of s + 1 samples of z;, and ug, £ =1,2,...,s,5+1;

Veest1 = (—Usy - ooy =Usp1-p, Tstly- - $3+1—q)T (6)

is a vector of p and ¢ + 1 most recent observations of input x; and output
Ur; T's is an m x m positive definite matrix; I is the m x m unit matrix;
m=p+q+1.

According to Kaminskas (1972) the stopping rule for RLS is based on the
appropriate ellipsoidal m-dimensional confidence region

p{(€ — )TK,({€ —¢c) <1} =1—q, (7)
I\-l
K, = _,\2;'_: (8)
ma’N‘Fa

with the centre at the point ¢ = ;.
Here E'f\,' is the estimate of variance of ¢, that can be calculated recur-
sively; F, is such that ‘

p{F<F}=1-—0a, F~Fpsm, (9)

and it is tabulated; p{-} is a probability; o is a significance level; Fp, ;_,,
denotes Fisher’s distribution with m and s — m degrees of freedom.
Then the criterions

pus = Tr{K; '}, (10)
Us = miax/\,-{K;l}, i=1,m, (11)

ps = det{K;1} (12)

are elaborated in the above mentioned paper.
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In (10)-(12) ' .
K;! = ma%, FuLs. (13)
Tr{-},maxA;{-} i = 1,m and det{-} denote the trace, the maximal eigen-
1
value and the determinant of matrix K;l, respectively.

Criterions (10), (11) define the sum of squares of the main semiaxles and
the square of the maximal semiaxle of the confidence ellipsoid, respectively.
The criterion (12) is proportional to the square of the mentioned ellipsoid vol-
ume. ‘

Recursive calculations by RLS are stopped when

Hs < Ho, (14)
where p is the threshold to be chosen beforehand. |

2. Calculation of adaptive thresholds. There exist three main uncertain-
ties while using such a stopping rule. First, for different measures (10)-(12)
the same threshold p is chosen; second, there are no suggestions whatsoever as
to the choise of pqg; third, there is not clearly shown the efficiency of different
ts. In Yin (1989) it is recommended to solve this problem using pg = g4 SO
that p{x2, ¢ 2 Ba} = o, where Xﬁ +¢ denotes the chi-square distribution with
p + ¢ degrees of freedom. We try to obtain here the threshold values using the
Cramer—Rao lower bound (Rao, 1968; Pupeikis, 1988).

It is known (Ljung, 1977; Cypkin, 1984) that under some conditions the
RLS technique has the maximal rate of convergence. Then according to Cyp-
kin (1984) for the asymptotically optimal algorithm (2)—(4) the asymptotic
covariance matrix of errors (ACME) is

V= lim kV(©) =1I""(po)A™"(c, (o)), (15)
and the equalities
vii=T©, i=Tm, (16)
Tr{V}=Tr {i"l(c)} , (17)
max Xi{V} = max ), o}, (18)

det {V} = det {T_l(c)} (19)
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are satisfied, because in such a case the Cramer-Rao inequality
V> T (po) A7 (¢, 0(po)) - (20)

turns out into an equality.
Here
V©) = M{@ - )& -} (21)

is the covariance matrix of errors (CME);

o0 ={ ()} 2

is Fisher’s information; po(N) and p;(N) are the probability density function
and its first derivative, respectively; A(c,a2(po)) is the normed information
matrix NIM); o%(po) is the variance of noise Ny; ‘

T(c) = I(po) A(c, 0*(po)); (23)

V;; and fjj (¢), j = 1, m, are diagonal elements of matrices (15) and (23),
respectively; M {- } is a mean value.
The estimate of ACME can be calculated by

~

vV, =552 (¢7,)”" (24)
in off-line operation and
Vi=kol Ty, k=1,2,...,85+1,... (25)

in on-line one.

2

Here s is the sample size; o, is the estimate of variance of o2 after

e
processing s pairs of input-output obkservations; e=(ey,...,e,)7 is the vector
of residuals (4);
—U; cee —Ujepti Tit1 e Ti—g+1
—Uj41 cee TUi—p42 Tiy2 ... Ti—g42
=| 1 i (26)
—Us—~2 ... —Us—p—-1 Ts—-1 ... Tsz—m-1

—Usg—1 ... —Ug—1 Ty Ts—m
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is the matrix of input—output observations; ¢ = max(p, q).
Taking into account (25) equalities (16) —(19) can be rewritten in such a
way

N 1. —
kazk(I‘k)“ ~ Ijj (Ck), J7=1m, (27)
~ ~=1
k52 Tr{Ty} ~ Tr {1 (ck)}, (28)
~2 - ~1 . . R )
k6%, max A{T4} ~ max )y {1 (ck)}, i=T,m, (29)
~ ~—1 .
k&2 det{T}} mdet{I v(ck)}. ' (30)
Hence, taking into account (13) it follows for minimal values of thresholds that
4 =k 'mEanI, &), j=Tm, (31)
~—1 —~
1 =k imPmTr {I (ck)}, . (32)
/1(2,3 =k~ imF, % m’jax)\,- {rl(ek)} , i=1,m, (33)
4B = k= mFandet {T‘l(ek)}, (34)
where x;, = 0'2 /3’3 , k=12,...,5,s+1... The maximal values of

thresholds p( ) (1.) k, #(2') , u(a,) could be calculated by the same formulas
supposing k=sin nfi?l)— 62) -

It might be mentioned that the respective minimal and the maximal value
of thresholds are time varying not only because of current k£ and x; but also
because of the meanings of some parameters whose current estimates ought to
be substituted into I(c) of the shape (23).

Then, recursive calculations by RLS of the shape (2) - (4) are stopped if
one of the conditions

WD 220 =T, (35)
N(:) >l > u(l) - (36)
10 2>, (37)
b > u® B k=s+1,5+42,... (38)

max min
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is satisfied or two conditions or three conditions or even all the four conditions
are satisfied at the same time.

Here
p) = (K Y5, i=Tm, (39)
p) = Tr (K51}, (40)
u? = max (K1}, i=Tm, (41)
U = der (K, (42)

where K, is of the shape (13).

3. Adaptive threshold for maximale length of the confidence interval.
Values (10)— (12) are more general characteristics of the accuracy of estimates
€,. Sometimes it suffices (Kaminskas and Nemura, 1975) to calculate particular
characteristics, e.g., the maximal length of the confidence interval for a separate
coordinate ¢; of the parameter vector c¢. According to Rao (1968), Kaminskas
and Nemura (1975) we use here the statistics

~
Ci,s — Cj . —

'—2——; 1= I’V’ (43)
V ON, (rs)ii

where ¢ denotes the ¢ distribution with s — v degrees of freedom.
The confidence interval for the i-th coordinate c; is

Gis — taon, v/ (Ts)ii < ¢ < Ci s +taon,\/(Ts)ii, i=1,v, (44)

where t,, is such that

t =

plt<ta}=1—0a, t~t;_m, (45)

and it is tabulated.
In Kaminskas and Nemura (1975) a criterion

pl® = mia.x{2ta3'1v, \/(T,)ii} , i=1Lu, (46)

is proposed which corresponds to the maximal length of the confidence interval
(44). Therefore the recursive calculations by RLS could be stopped if the
condition

b > uW W k=s+15+2,... (47)

max min
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with

p® = k“lmax{2tamFa nkkml(ik)}, (48)
1

min

p® = st max{%amFa xssi;l(ﬁ,)} , i=1,p, (49)

max

is satisfied.

4. Time varying threshold intervals for the first order object. As an
example we consider here a discrete-time object of the shape

U + aug—y = boxy + Ng, (50)

where a and by are the coefficients of difference equation (50).
In such a case ACME and NIM are

[K,,(O) Ku,(l)J
V= o? Kuz(1) Ku(0)

=R Kul0) - KL (D) GV
and
1—d? 0
AN (e o)) = {"N +boos :l ; (52)
0 1/a?
respectively, where
er = up — bozr + augp—1 (53)

is residual; K;(-), Ky(-), Kus(-) are the meanings of input—output autoco-
variance and crosscovariance function values, respectively; o2, and o2 are
variances of residuals and input signal, respectively.

Then inequality (20) can be rewritten in such a way

[ K.(0) Kw(l)] 1—a® 0
-2 , 5 2z
o2 Kuz(1) Ku((;) >l oy +booy, (54)
K.(0)Ka(0) — K2,(1) 0 -
o.l'k

since Fisher’s information
I(po) = 1/0%. (55)
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In view of the mentioned expressions time varying thresholds can be ob-
tained for object (50) by the formulas:

,u(,?,), =k~ imF,x

min

w0,

max

Il(:?,)

min

A

max

“(lk)

min

1)

”(1;)

min

u?

max

H(? -

min

u®

max

i

min

= s mFyx,

5
1 + bok az';, /de

=2
1-7a:

A2 )

1 +Eo,3z./aN.

_ -1 ~2 a2
> = kT mFam oy, [0,

-1 ~2 [ ~2
= s "'mFyx,0y,/0;,,

~2
O'Nk
~2 + ~2 mFG”kv

Oz

=
:s—l{

mFourwy,,
mFq w2, ,

mFyn,wy,,
mFqyn,we,,

~2 (1 _Az

if wi, > Wy,
if w1, < Wy,

ifwl, > ws,,
if w, < wz,,

o

2t,mF,

uklcwlk,

2omFyr/nrkws,,

if wy, > wo,,
if wy, < Wy,

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)
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(:;,)_ — 51 2amPFy./%ss0,, %f wy, > ws,, (67)
] RomPFyo./Hs5ws,, if wy, < ws,,

max

i=12
where
1-a2
Wy = o’ Wy, = o'Nk/a'a:k,
. 2
1+b°" O N,
~2
_ 1-T4a; _
wy, = ———==—, W3, = ON,/0g,.

1+ ’I;o, g%,._
Equations (56) — (67) could be realized in on-line operation if the estimates
g, bo,., KI(O; k): Ku(Oa k)) Kuz‘(Ty k): T= U;—l; Oz, O¢, ON, aIC sub-
stituted into the above mentioned expresions instead of their unknown values,
- respectively. They may be calculated in such a way:

[-gx(o,k) Ry(1,k) + Kuz(1, F) f:gu(o,k)]
[Eh]= —Rus(1, k) Ru(1,k)+ Ru(0,k) Koz (0,k) (68)
bo, Ko(0,k) K, (0,k) — K2,(1,k) ’

Ro(0,k) =R.(0,k— 1)+ [xka:k — R0,k - 1)], =01,

1
1+k
EU(Ty k) '—’-I?u(T,k - 1) + '—1-_ Uk —r Uk — 'f{’u(T7k - 1) ’

1+k ‘

Rus(r, k) =Rua(r, b = 1)+ = [korzs = Rua(r k= 1)),

1
1+k

Oz, =0z,_, + (zk —Tk)z - al‘k-x] ,

1
k-1 [
_ 1 _

Ty =Zp-1+ 76- (x‘k - l'k—l);

~ 2
1 (Uk — bo, zr + Ekuk—1)

k-1 14 n%

Oy, =0¢;_, +

n R‘“GQ"I‘:— 1)u,2c_1 - Aur(la k—1)rrup_y
k= — — —
(k= 1) [Re (0, )Ru(0, k) — R2,(1, k)]
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i%uz-(l, k - l)u%_l + ]?u(o, k - l).’l:%
(k= 1) [Re(0, R0, k) - R2,(1, )]

1 ~ —

ONe =ONeey + 17 [(Nk - Nk)2 - aNk—x] ,

—_— 1/~ —
Ny =Ng-1+ P (Nk —Nk-l) )
Ni =0 + V-1,

Vp =ug — Yr = U — bo, Tk + Ak Yr-1.

For higher order objects the stopping conditions are considerably more
complicated, but not so much that their determination were imposible. Recom-
mendations referring to the information matrix can be found in Cypkin (1984);
Klein and Melard (1994).

5. Simulation results. The stopping rule in (10)—(12) with adaptive
thresholds (56)- (67) for a discrete-time object with a = 0.7 and by = 1
in (50) was investigated by numerical simulation by means of IBM PC/AT.
Realizations of independent Gaussian variables £; with zero mean and unitary
variance and a sequence of the second order model of the form

T = Tp-1— 0.525_o + &, k=1,500, (69)

were used as an input sequence X;. Ten experiments with different realizations
of noise Ny at the noise level 0% /o2 = 0.5 were carried out. In each i-th
experiment, first, the estimates of parameters a = 0.7 and b, = 1 of Eq. 50,
the criterions pgl), ,uf) of the shape (40), (42), respectively, -and their mini-
mal and maximal threshold values were obtained by formulas (60), (61), (64),
(65). Afterwards, the same values were calculated recursively, using the above
mentioned on-line procedure.
In Table 1 the estimates, averaged by 10 experiments,

=—3Y a, (70)
10 i=1

- 1 10
b= — ’b\(i) 1
5250, M)

)l
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the criterions

10
1 1
=1t )
i=1
s 1 10 3
= L300 ™)
s =1

and their maximal threshold values

) _ 15~ @
Paw S0 & u (74)
3 1 10
3
Pl = o (79
i=1 max

with their confidence intervals A, calculated in each i-th experiment after pro-
cessing 15 values of observations (zx, ux) are given.

Table 1. Estimates (70), (71), criterions (72), (73) and their maximal thre-
shold values (74), (75), averaged by 10 experiments, with confi-
dence intervals after processing 15 values of observations

= 7 7 7 73 ﬁf’)

Input — Gaussian process
0.39+0.03 0.84+£0.07 2.26 + 0.45 3.33 £0.17 0.89+0.20 1.06 £ 0.01
Input — AR process
0.24+0.04 1.17+£0.12 0.66+0.22 1.89 £ 0.19 0.15+0.05 1.57 £ 0.16

Table 2 presents the same estimates, respective criterions and their minimal
threshold values

) _ 1
= (76)

k - k,t
min 10 N m,i;;’
i=1

TRRL
73 =5 uf), (77)
10 i=1

min min
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Table 2. Estimates (70), (71), criterions (72), (73) and their minimal
threshold values (76), (77), averaged by 10 experiments, with
confidence intervals depending on &

3 sy Z ﬁ(a) 7

o))

k=100
0.69+0.01 0.99+0.01 1.52+0.08 1.99+0.02 0.49+0.03 1.01 £ 0.01
0.70£0.01 1.00£0.01 0.70+ 0.04 0.91+£0.01 0.16+£0.01 1.08 £0.01

k=200
0.70+0.01 0.99+£0.01 1.52+0.05 1.84+0.01 0.49+0.02 1.01£0.01
0.69+0.01 1.00+0.01 0.63+0.02 0.77 £ 0.00 0.14+ 0.01 1.04+0.01

k=300
0.70+0.01 0.99+£0.01 1.27+0.07 1.66+0.01 0.39+0.03 1.01 £0.01
0.70+0.01 1.01 £0.02 0.47+0.03 0.67+0.00 0.10+£0.01 1.05%0.00

k =400
0.70+0.01 1.00+0.01 1.16 £ 0.04 1.56 £0.01 0.35+0.02 1.00 £ 0.00
0.70+0.01 0.99+0.01 0.38+0.02 0.60+0.00 0.0740.00 1.04 £ 0.00

k = 500
0.70+£0.01 0.99+0.01 1.13+0.04 1.48+£0.01 0.33£0.01 1.00 £ 0.00
0.70+£0.01 0.98£0.01 0.33+0.01 0.55+0.00 0.06 +0.00 1.04 £ 0.00

averaged by 10 experiments and calculated in each experiment after processing
different number of observations (z, ux). The first line of each k corresponds
to the meanings which were calculated using a Gaussian process as input and
the second line - to the meanings obtained by applying sequence of the shape
(69) as input. It follows from the simulation and estimation results, presented
here, that condition (36) for averaged measure (72) will be satisfied even for
k = 100, if z; is a Gaussian process and for k = 400, if z; is AR sequence.
On the other hand the condition (38) will be not satisfied for both inputs even at
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k = 500. It can be mentioned that a decrease in /‘f:) is negligible for increased
number of k. ;

6. Conclusions. The results of numerical simulations carried out by com-
puter prove the applicability of adaptive threshold intervals if the right criterion
is chosen for recursive least squares stopping. Otherwise, the proposed here
approach will be inefficient. That is why it is important recursively to calculate
different criterions and their minimal and maximal time varying thresholds in
order to choose the right ones and to use them for stopping LS while estimating
unknown parameters. ’
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APIE ADAPTY VIUS SLENKSCIU INTERVALUS,
STABDANT REKURENTIN] MAZIAUSIUJU KVADRATU
ALGORITMA PARAMETRU ERDVEJE

Rimantas PUPEIKIS

Analitinio tyrimo buidu, taikant Kramerio—Rao nelygybe, sudaryti adaptyvis slen-
ks€iy intervalai prof. V. Kaminsko ir prof. A. Nemuros kriterijams, ju pasiilytiems
parametry jveréiy skaitiavimams stabdyti, pasiekus pageidaujama ¥iy jver&iy tiksluma.
Darbe pateikti net ir riboto pobuidZio skaitinio modeliavimo rezultatai (Lentelés 1, 2)
parodo, kad ne visi minéty autoriu kriterijai gali biiti panaudoti rekurentinio maZiausiuju
kvadraty algoritmo stabdymui, taikant adaptyvius slenkstius.



