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Abstract. Models for determining the electromagnetic fields
are considered. The models cdnsist of system of the Maxwell equa-
tions in the complete form and in the quasi-stationary approxima-
tion. Using the quasi-stationary approximation in media containing
nonconducting subdomains is noncorrect from the physical point of
view and give rise to a number of additional mathematical prob-
lems. The solutions of the Maxwell equations in the complete form
and in the quasi-stationary approximation are compared. Initial
boundary value problems are considered for conducting, noncon-
ducting and mixed media. The conditions ensuring the closeness of
solutions are established. The estimates are obtained in terms of
input data of the problem. In particular, it has been proved that
as the ratio of the characteristic rate to the light velocity tends to
zero the strength of electric field in the conducting part and the
strength of magnetic field in the entire domain, corresponding to
the complete problem, convefge to the ones corresponding to the
approximate problem.

Key words: Maxwell equations, quasi-stationary approxima-
tion.
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1. Introduction. This paper deals with mathemati-
cal modeling of electromagnetic fields in media with different
electroconductivities.

As is known (Tamm, 1966; Kulikovsky and Lyubimov,
1962), the problem of determining electromagnetic fields con-
sists in solving the Maxwell equations:

4r- 10E —  10H
I‘Otﬁ—7 +-c--5t—, rot £ ——’c——at—', (11)

divE =4rp,, divH =0

jointly with the continuity equation and the Ohm relation:

0 - -
ZPe L divi=0, j=oFE (1.2)
ot
and appropriate initial and boundary conditions.
The system of equations (1.1) and (1.2) is considered in
the limited region G,t > 0. The notations are standard: ¥ =

(z,y, 2) is the radius vector; ¢ is the time; F and H are the
strengths of electric and magnetic fields, respectively; fis the
density of electric field; o is the electric conduction; p. is the
electric charge density; c is the light velocity. We assume that
o = o(r). The system of equations is written in dimensional
units.

In some cases the description of fields may by consider-
ably simplified (Kulikovsky and Lyubimov, 1962) by using a
quasistationary approximation of the Maxwell equations. It
may be done under the following conditions:

1/000t0 << 1, (13)

p? = (zo/cty)? << 1. (1.4)

Here zy and t, are the characteristic scale and time of the
field changes, oy is the characteristic value of conductivity,
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p is a parameter. The condition (1.3) means high electric
conduction of the medium, while (1.4) - the smallness of the
characteristic rate of process, compared to the light velocity.
If the conditions (1.3) and (1.4) are valid, we may ignore the

—)
10E
c Ot

ity current 7, and the medium may be assumed quasi-neutral,

pe = 0. In this case the electric field energy proves to be low
2
_.)
as compared with the magnetic energy E << H.

By analogy with Samarskii (1980, p.230) we introduce di-
mensionless values in (1.1) and (1.2) and use the same letters
for their designation like in the dimensional case. Then the
system of Maxwell equations in the quasi-stationary approxi-
mation has the form:

displacement current in comparison with the conductiv-

oF

i (1.5)

— — —
rot H =4no E rot £ = —
divH =0, j= o E.

The condition (1.3) for applicability of the quasi-stationary
approximation (1.5) is rewritten in terms of dimensiornless val-
ues (including o) in the form:

/12/0'00 << 1 (1.6)

The condition (1.4) remains unchanged.

The inequality (1.6) obviously means that o # 0. How-
ever, for applications a typical situation is when the region
under investigation contains subregions with sharply nonho-
mogeneous electrophysical properties (for example, conduc-
tors and dielectrics). In this case the condition (1.4) remains
valid, while the condition (1.6) holds only in the conduct-
ing part. In such problems the fields in the conducting part
are of main interest. It is clear that from the formal point
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of view the quasi-stationary approximation cannot be used in
this case, and the estimates (Kulikovsky and Lyubimov, 1962)
following from (1.3) and (1.4) are generally not legitimate.

Often we have to calculate the fields numerically. Then
it is desirable to have a model which homogeneously describes
the fields in every subregion to provide through computations.
Using the complete system of Maxwell equations under the
condition (1.4) leads to a necessity of solving the problem
with a very small time step. In fact, we have to follow in this
case the propagation of electromagnetic wave in a dielectric
while basic attention is usually paid to processes in a conduct-
ing part. A model with the complete system of the Maxwell
equations in the dielectric and their qua.si-stationg'ry approx-
imation in the conductor will be nonhomogeneous. To solve
such a problem numerically in the spatial multidimensional
case is very difficult. Therefore, it seems attractive to use
the quasi-stationary approximation of the Maxwell equations
(1.5) for describing the fields in the whole region.

However, it is not clear apriory how strongly the field
will be misrepresented in the conductor as compared with a
complete model and whether the field in the dielectric will
correspond to the full description. It should be noted that in
(Kulikovsky and Lyubimov, 1962) the estimates of the solu-
tion obtained in a homogeneous conducting medium have a
physical nature. -

In this paper a comparison was carried out between soiu-
tions obtained for the complete system of Maxwell equations
and its quasi-stationary approximation, including the case of a
medium with sharply nonhomogeneous electrophysical proper-
ties, i.e., the medium consisting of a conducting and a noncon-
ducting parts. The comparison means deriving the estimates
of difference norms for the solution of complete Maxwell equa-
tions and the quasi-stationary approximation (1.5).

In the dimensionless form the first equation in the sys-
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tem (1.1) is

-
rotﬁ>—uz—aa—ﬁtJ = dno E. (1.7)
The rest equations of (1.1) in the dimensionless form are ob-
vious.

We shall further compare the solutions of the complete
system and its approximation (1.5) by introducing some addi-
tions to provide uniqueness of the solution (Galanin, Povesh-
enko and Popov, 1988).

We consider here the initial-boundary problems of deter-
mining electromagnetic fields in conducting and mixed media.
The estimates are obtained in terms of the problems input
data for differences between solutions corresponding to the
complete and approximate systems. These estimates may be
utillized in different ways. Formally, they do not depend on
how small or great the involved parameters are. We are in-
terested in them mainly from the following point of view: do
the solutions of the complete and approximate systems con-
verge to each other in any sense as u tends to zero. By means
of these estimates the conditions have been found out for en-
suring a homogeneous (in time) vicinity of the solutions in
the conducting medium, their tendency to zero with grow-
ing time, etc. In particular, it is shown that in the case of a
nonhomogeneous medium with sharply varying electric con-
duction the solutions of complete and approximate systems
also converge each other in a certain sense as p (a ratio of
the characteristic process rate to the light velocity) tends to
zero. The convergence occurs in the magnetic field strength
in the whole medium and in the electric field strength only
in the conducting part of the medium. Hence, it was proved
that the quasi-stationary approximation can be applied in the
mixed media too.

Author thanks to Yu.P.Popov for attention to this work
and useful discussions.



M.P.Galanin 383

2. Formulation of the problem on a comparison -
of solution. We consider the limited domain G.,Let —51 and

rﬁl be the solutions of the complete system of the Maxwell
equations in the dimensionless form:

rotﬁl —uz?g—l=47raﬁ1 reGy, t>0 (2.1)
0H
ot

with additional conditions

—)
rot £ = —

= = = - —
E1|t=o= E o(7), H1|t=0= H(7), Ei,f'aa =0. (2.2)

Here and below dG is G boundary, the indices 7 and n desig-
nate the components tangential and normal to dG. We denote
G = G1 U G4, where

G1={T-"€G1:O'>0}, G2={77€G20'=0}.

We assume that ¢ = o(r); G; and G, are the boundaries of
G, and Ga, respectively; 0G1, = 8G1 N G2. We also assume
0G4 to be connected and domain G2 to be singly connected.
The subdomain G; is a conductor, and the subdomain G, is
a dielectric. Further on the variants will be possible when G,
or G2 are empty, i.e., G = G, or G = G;.
We shall assume that the initial data (2.2) satisfy the
conditions :
div f—ijo =0 in G, (2.3)
div F 0= 0 in Gz

and, as a rule, satisfy the agreement conditions

rot Ho =4ro E g in G (2.4)
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Note that the first condition (2.3) provide satisfaction of the

relation div ﬁl = 0 at all times. Therefore in (2.1) this equa-
tion was omitted.
Along with (2.1) and (2.2) we consider the problem where

the strengths E)z and ﬁz are described by the system of
Maxwell equations in the quasi-stationary approximation:
rotI—{>2=47ra_E—3)2 reqG,t>0
2.5
rot fz = _6}?2 2
ot

with the additional gauge equation (Galanin, Poveshenko,
Popov, 1988):

divE,=0 inG, (2.6)

and with initial and boundary conditions
71}2lt=0 = T{)O(T—")’ E)2,7‘!6G = 0. (2.7)

The initial data for 272 coincide with fo generally only in G;
and only when the condition (2.4) are fulfilled if no additional

constraints are not imposed on E’)o.
If the agreement condition (2.4) are fulfilled it immedi-

ately follow from (2.1) that div E)l = 0 in G;. Hence, it
appears that the solution of (2.1) passes at the limit  — 0
into the solution of (2.5).

We shall be interested in estimating the norms of solution
differences for the problems (2.1) and (2.5) through the input
data. These estimates must answer also the question how the
solutions of the problems converge to each other when p — 0.

It should be noted that in (Kavashima and Shizuta, 1986)
a similar question was raised about the convergence of solu-
tions obtained in the problem on the motion of a conduct-
ing fluid, where the electromagnetic part was described by the
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Maxwell equations in the complete form and in the magneto-
hydrodynamic approximation. However, numerous assump-
tions made in Kavashima and Shizuta (1986) do not allow us
to use the results. Besides, the medium in (Kavashima and
Shizuta, 1986) was conducting. Also we would like to mention
the publication of Aleksandrov and Dmitrijev (1975), where
the convergence of solutions was consider for a complete sys-
tem of Maxwell equations with electric conduction tending to
infinity. ‘

The problem (2.1) and (2.2) with g — 0 is singularly
perturbed and has a small parameter at the leading (time)
derivative. To do thoroughly the task of comparing the solu-
tions of (2.1) and (2.5) one should construct an expansion of
the solution to (2.1) and (2.2) with respect to p in the manner
of Su Yui-Chan (1961). Here we restrict ourselves by obtaining

_ = = . T |
estimates of the differences E = E;— F,and H = H,—H,
through the input data. The estimates will give an answer to
the question about a convergence of the solutions as ¢ — 0.
Along with this we shall consider the cases of homogeneous
conducting and nonconducting mediums.

We shall assume that everywhere the solutions exist and.
have a desirable smoothness. Differential properties of the
solutions in the problems similar to (2.1)-(2.7) are discussed
by Ladyzhenskaya and Solonnikov (1960); Sakhaev (1976).

Let us write down the problem to estimate the solution

difference. The fields E and H are described by the equa-
tions:

rotﬁ—uza{il = 4ro B reG,t>0
—_
— oH (2.8)
tE = ———
ro p
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The second condition (2.3), the first equation (2.1) and equa-
tion (2.6) also give :

dvE =0  in G, (2.9)

Sometimes, we shall need the problems in terms of E or

ﬁl and Eg only. We shall write them down when necessary.
For further use we shall give here the balance equations
for different energies. It is easy to see that in the problem (2.1)
with complete equations the energy balance in the system may
be written in the form (the designations are given in ch. 3):

1
o= (Il + I Ealig) + Ve Ell3,

1
= 5= (HollE + I Eollz). (2.10)
For the problem (2.5) we have the relation
1 — — 1, —
a1 H2lle + Ve Eall, = oI Holle- (2.11)

The first term in the left hand side of (2.10) and (2.11) are
the electromagnetic energy in the system, second term — the
power of energy release as the Joul heat, in the right hand side
we have an initial energy.

For the energy difference we derive

1
s U IE + w21 ELlG - 11 H1Z)
t
2
+//U(E’,E’1 + E,)dVdt = %Ilﬁollé- (2.12)
0 G

As was expected, good agreement between energies of the elec-
tromagnetic fields, corresponding to the complete and approx-

. . . q -_+
imate cases, is determined by the fact that E; and E, are
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close to each other in the conducting part G;, bounded in
G, and the value of E’)o is also bounded. The boundedness

of ||VZE1lle,, |IVe Ealla, (~ O(1)) follows from (2.10) and
(2.11).

Estimates of the solutions will be obtained by the functio-
nal-analytical method of investigating the problem (2.1), (2.5)
and (2.8). We shall use the technique employed by Galanin
(1990a) for restoring the function by its rotor and divergence
as well as the imbedding type inequality connecting the norms,
the rotor and divergence of the vector function, namely,

ITI2<c(lot TI2+ldivT|P).  (2.13)

This inequality is valid for the vector function U with zero
tangential or normal components at the boundary, where the
rotor and the divergence are quadratically swmamable. In
(2.13) ¢ is a positive constant depending on the domain and
its boundary only. Everywhere below ¢ will designate con-
stants, while the light velocity will be used only through pu.
As for (2.13), the reader is referred to Galanin (1990a) and its
references. ‘

The calculations omitted here may be found in Galanin

(1990b).

3. The case of the conducting medium. We con-
sider the case G = Gy, ¢ > og > 0, and introduce the des-
ignation Q; = G x [0,t], Qi = G; x [0,¢], ¢ = 1,2. All the
norms encountered below have the sense of integral norms in
L*(G), L* () (as well as L%(G;), L*(Qi ), ¢ = 1,2). For sim-
plicity we shall omit the symbol L? and will use instead the
sign of the set in which the norm is calculated.

1. Let us consider the problem (2.8). We multiply equa-

tions (2.8) by E and ﬁ, respectively, and make summation.
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After the integration with respect to Q; we obtain, with in-
volvement of initial and boundary conditions, the equation

R
s G+ IVaE R,
1, [[/0F
=2 g9t 7 ;—
p //( 2L Baav=0. @)
0 G

We transfer the third term in (3.1) to the right hand side,
calculate the upper bound by the Canchy-Bunyakovsky in-
equality and the e-inequality. As a result we obtain
1 =, 1 — gl oF 0E,
I IE +5IVEEIR, < 3] H 3.2
To obtain final estimates in terms of input data we must esti-
mate the right hand side of (3.2)

2. We write down the problem for E)lby assuming that
the initial data are consistent with (2.4). Then

L E, E
EYD) + 47 a—a-—l-i—rotrot_E—)l =07r¢€ G, t>0
¢ (3.3)

OE
Ellimo = Eo(), 5

=0, Ei.ls6=0.

t=0

e g
We multiply (3.3) by Q%‘- and integrate the result. We obtain
(with involvement of all input data)

1
87r !
+ —||rot EL% = —;Hrot Eo|%. (3.4)

aElll
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Proceeding from this and using the boundedness of below we
obtain the estimate (see Galanin, 1990b):

H

1 0E;? 1 8oy = 2
—= < — — t t E .
| 7% o, < 5oz (1 - o (= 52°%0) et Bl

Finally we have the inequality

1 2 1 2
I EIlE+ IVoER,
4

H 871'0'() = 2
< oER 3 2 - - . .
= 2567307 (1 exp ( 2 t))llrotE ollg- (3.5)

Unlike (3.2) we have now in the right hand side a completely
determined expression. The estimate (3.5) shows that as u

tends to zero ||—ﬁHG — 0 for all times as well as ||E)||Qc -0
too.
3. The inequality (3.5) testifies to the absence of bound-

ary layer of H neart=0. It is possible that when the agree-

ment conditions (2.4) are satisfied the boundary layer of E
near t = 0 is absent too. Let us study this situation.

We differentiate (2.8) with respect to ¢t and make the
same calculations as in p.1, but only for the time variables.
As a result, we obtain an analog of (3.2):

SIEL AR, < el 0

Then we differentiate (3.3) with respect to ¢. Instead of (3.4)
we obtain the identity:

2,927 2

oot e W Vs

0E,
ot

o]
8

2

8

rot

L rotrot Boll3.  (3.7)
T
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By analogy with p.1 we have

[
Vo ot i,

1
< (1-ew (-
8wulog ( exp

The result related to (3.6)forms the inequality

87(‘0’0

))HrotrotE I1%. (3.8)

—urotEuG+ 2||f “9,

2

u 8moy
< —r___(1-
S 2567302 (1 exp ( e ))”rot rot EO“G (3.9)

This estimate testified to the fact that ||rot E)“G uniformly

(in t) tends to zero and || & ? ll. also tends to zero as u — 0.
4. From the 1nequa11t1es (3.5) and (3.9) we obtain the
following results.
Proceeding from the above estimates we have

“\/_E”G=2// adth

<2|vaor || IVZElla..

In this manner, by combining (3.5) and (3.9) we obtain

sizeag (1o (= 52%0))

x ||[rot E of||rot ot E o| - (3.10)

IV E|% <
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This expression is a uniform (in t) estimate of the integral
norm of the solution difference. It testifies to the absence of
the boundary layer near t = 0.

Note that, for example in the case ¢ = gg = const > 0 we

_
can immediately obtain from (2.1)-(2.7) that div E = 0. In
this manner we may estimate IIE) |4 also from the inequalities

(3.9) and (2.13). However, we can obtain only “E)”% ~ O(u?).
The estimate (3.10) is stronger.

We consider now the case when electric conduction de-
pends on 7. Let us have the condition

1 .
;lgrada| v <+ (3.11)

which is satisfied in this case. Then it is not difficult to ob-
tain an estimate for ||div f||é As a result of the calculations

given in (Galanin, 1990b) we obtain that ||div E)H%; — 0 when
p — 0, like O(u?) tends to zero, i.e., in the same manner like

||rot EIHé in (3.9). Finally, according to (Plotnitsky, 1976) we

have that ||grad f”é = 23: llgrad f,“é = O(u?). Hence, all

the derivatives of the soh;?ilon also tend to zero when p — AO.
oE,

fol-
ot ||q, o

lowing from (2.10) and (3.4). They testify to the t-uniform
boundedness of norms in 4, including the case when ¢t — +o0.

5. We consider the estimates ||E)1 o, and

Hence, for t — +o00 we have HE)I |l — 0. The proof is similar
to that given by Ladyzhenskaya and Solonnikov (1960 p.172).
In the same manner it follows from the estimates (3.5)

and (3.9) that ”E)”G tends to zero as t — +o0o. And hence

IE g — 0 too. |
6. Let the agreement conditions for initial data (2.4) are
not fulfilled. What is changed in this case?
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Obviously, the identity (3.1) and the inequality (3.2) re-

main valid. The summand 8"1“2 ||47ran — rot ﬁo”%; will be
added to the right hand side of (3.4). As a result, instead
of the estimate O(u?) in (3.5) we obtain only O(u?) at dis-
agreement of initial data in the analog (3.5). Nevertheless, in

. e d
this case we also obtain the t-uniform estimates of || H ||g and

”\/E?”Qt If we repeat our calculations further on, we shall
obtain an inequality of the form (3.6) with the additional term

5= ||rot (EO - -—rot " )” in the right hand side. Then in-
stead of (2.7) we have the 1dent1ty with the right hand side

872 ||rotrot E0+T(r0tH0—47TO'E0)”(v

+

8 7llrot (rot Ho—4r0 Eo)|%.

Hence, instead of the estimate (3.8) we obtain only the esti-
mate O(x~%). In the right hand side of the analog (3.9) we
shall have O(u~2). The estimate (3.10) cannot be obtained.
In the right hand side of the inequality we shall have only
O(1).

7. Proceeding from (2. 10) and (2.11), the boundedness of

H\/_E)lﬂgt and “\/EEQ”Qt following from (2.10) and (2.11),

the boundedness of ||E>0“G, the estimate (3.5) we obtain that
the energies of electromagnetic field described by complete
and approximate equations will differ by O(p?) in the case
of agreement in initial data and by O(p) in the case of their
disagreement.

4. The case of a nonconducting medium. It is
obvious that at G = G4, i.e., for the dielectric type medium,
the quasi-stationary approximation (2.5)-(2.7) has nothing to
do with solution of the complete equations. Let us illustrate
this situation by means of estimates.
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The solution of the problem (2.5)-(2.7) may easily by
obtained. From the first equation of (2.6) it follows that

rot ﬁz = 0, from the second equation rotrot —52 = 0. The
latter in combination with (2.6} and (2.7) gives

E,=0, H,=H, (4.1)

For the solution difference, instead of (2.8) we have

-
- ,0F = 0H G
—p— = = —— t>0
rot H —u 5 0, rot E at,re , t> v
divE =0 (42)
Hlwmo =0, Elo=Eo, Erloc =0
From this conditions we obtain the identity
1 1 — 1 —
sIENE + 5021 ElG = 5021 Eole. (43)

After differentiation of (4.2) with respect to t we shall get an
analog of (4.3) for the derivatives, i.e.

1 1 —
Z 5 - B o

We shall further use the imbedding inequality (2.13) valid for
the vector field with zero tangential components (in this case
f or a zero normal component (in this case, I_-I); see about
the normal component " (Duvault and Lions, 1980 p.330) on
the surface. Thus, we have

IH % < c(|jrot B ||% + ||div B |G>
= cllrot |l = cu H 1|

[ N

—_— — R
= [[rot E||%& = [[rot E'||& + ||div E|i& > ~[ Ellg-

OH )2
1% 1.
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Hence, from (4.3) and (4.4) we obtain the estimation from
above and below.

OF |2
clvot Eollfy > eu?| Z2|_ +1EIE > 1Bl (45)

The inequality (4.5) testifies to the fact that the strength
T is not stabilized and does not tend to zero when pu— 0. It

means that sometimes the “ﬁ”G vanishes or is very small, but
the solution can be taken out of this state because its change
rate differs from zero. in other words, the solution behaves as
an oscillatory function without damping,.

Nevertheless, as it follows from (4.3) when u — 0 we have

“ﬁ”G — 0 in contrast to E. We have also convergence of the
field energies as it follows from (2.12).

The estimate obtained completely corresponds to a phys-
ical picture of the phenomenon described by (2.1)-(2.4) at
G = G,. In this case there is excitation of electromagnetic
waves in the domain G. Due to absence of damping, the wave
energy is maintained, its distribution occurring between the
electric and magnetic fields. It is obvious that such a field has
nothing to do with the solution (4.1).

4. Medium with sharply nonhomogeneous elec-
trophysical properties. Let us consider a general case of
the medium consisting of two subdomain (the conductor G
and the dielectric G2) with distinctly different electrophysical
properties. The problem of comparison if the solutions has
been formulated in ch. 2. We should only add the condition
0 <t <ty < +00, i.e., consider the problems given in ch. 2
over a limited time interval.

We shall assume that everywhere in G; the condition
(3.11) is fulfilled and 0 < 09 < 0 < 0§ < +00. The condition
(2.4) for the initial data agreement is also satisfied.
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1. It is obvious that in the case under consideration the
identity (3.1) remains valid. We divide the integral term into
two part: in G; and G,. The integral over G, is estimated in
the same manner like in ch. 3, while the integral over G is

transformed by using the relation fl -E + fz. As a result,
we have

1 1 l‘l’2 —
IIE I+ 5IVa B, + EIEIR,

1 0F, p? 7
25 T,
Vo ot ||, 8

_FIL, —i‘—;/t/@-gl,ﬁ)dvczt. (5.1)

0 G2

4 2

7
= 3272

Here and below _E-)O = _E—)2|t=0. As it follows from (2.4)—(2.7),

_)* —+ . . 3 . . .
E, = Eyin G4, while in G5 it is the solution of the problem

rot rot_lu:?0 =0 in G,
divfo = in G, (5.2)

—

= EO,T

E
o,r 8G,

G2

By estimating the difference —50 - ﬁo through the inequality
(2.13) we obtain (c is the constant from (2.13)):

—_ *
NEo - Eoll, < clirot Eoll%, (5.3)

It is obvious that the identity (3.4) is valid in this situa-
tion too. From it we get the inequality

1 9E, P

Vo Ot

<
Q1,¢
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(1 — exp ( - 8’;‘2’0 t)> ot Eoll%.  (5.4)

It differs from the similar one is ch. 3 only by its domain
where the norm is calculated in the left hand side. In the
analogous manner the inequality (3.8) is transformed.

Let us make the inequality (5.1) stronger by omitting its
two first terms in the.left hand side and integrate the result
in ¢ from 0 to . We obtain

2 4 2
Eigie <« *H K B (_ 8na,
grll Ella,. < 2567302 [t 870, (1 PA\T T2 )

2
x-|[rot B o||% + %c“mti’ongz-t

v Je-|(2E2.7)|ava 55)
0 Gy

In the last summand we make one integration in time by
changing the integration order. Then the integral term in the
right hand side of (5.5) is estimated by the Cauchy-Bunyakov-

sky inequality and the e-inequality. We isolate ||E)H?22 , and
bound this value from above. The obtained inequality may
be minimized in ¢, however, we shall restrict ourselves by a
cruder, not so bulky, estimate. It has the form

2 2
Tz < H PR _ _ 87T00t
IElla,. < 167203 8may 1—exp ( u? )
0E,
or

X 3
8o

2
(5.6)
Qz¢

x |[rot Eo||% + 2¢|[rot B o||%, - £ + 4“(t - 7')(

as a result, from (5.1) we have

1 =5 1 - U2 =
NI+ IVEE IR, + B, <
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4
7 ( 8oy ) 2
<t (1= - ¢
< 2567302 (1 exp 7z t )Hro E?0||G+
2
7 — —
+ —cl|rot Eo||%, | E|la,,. (8.7)
87 Qs

Here, in last term the quantity “EHta is estimated by means
of (5.6).

Thus, we managed to obtain the inequality where each
term is the known function of u. The inequality (5.7) contains

the norm QEZ However, in the problem (2.4)-(2.7) for ?

and ﬁz the value p takes no part. Hence, under the bound-
edness of all norms and for the limited time interval (as Was
assumed earlier) the right hand side of (5.7) is O(u?). It means

that for 4 — 0 we have ||H|l¢ — 0 and || E ||o,, — 0, i-e.,
the strength H uniformly in time tends to zero throughout

the entire domain G, while E tends to zero only in its inte-
gral norm depending on the considered time ¢ and only in the
domain G;.
2. From the formal point of view, the inequality (5.7)
solves the posed problem. However, in the right hand side of
%‘ , which is not expressed
2,t

in terms of input data. This norm was estimated in Galanin
(1990b) by using the inequality and the imbedding theorem
(Sobolev, 1988; Plotnitsky, 1976; Galanin, 1990a). Here we
shall restrict ourselves by giving the results. It is shown in
Galanin (1990b) that there is constant ¢, depending only on
geometries of the domains G,G; and G, on the parameters
00,0q and v, such that the inequality

it we have the quantity H

== 63

rot rot Eo}

Qt\c”\/_

G,
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is satisfied. If necessary the constant ¢ can fully be determined
through the parameters 09,0 and v and the constants in the
imbedding type inequalities. Along with (5.6) and (5.7) the
estimate (5.8) gives the solution of the posed problem, i.e., we
obtain the estimate of the solution (2.8) and (2.9) in terms of
input data.

3. In the case of a conducting media (ch. 3) the ini-
tial data agreement condition (2.4) enabled us to obtain the

t-uniform estimate of E proximity. Consider a nonhomoge-
neous medium.

By analogy with ch. 3 we obtain the identity of the form
(3.1) for the time derivatives:

7
o e

“f e dth

/ azi’ af:’

ﬂu

1 —
= o llot(Eo - B3, (59)

We shall transform this identity in the same manner like(5.1)
and use the estimate (3.8) corresponding to (5.4). Now we
estimate the integral term (5.9) as above. After some obvious
calculations we obtain

‘aE’

and after substituting this relation into (5.9) and estimating
all the terms we derive the inequality of the form (5.7) with
O(1) as the right hand side for the case (5.9).

By combining this result with (5.7) according to the algo-

rithm of deriving the estimate (3.10) we get ||E>||2G1 = O(u).

=0(u™?)

Q2¢

Thus we proved that when pu — 0 the strength E — 0in the
sense of ||E’HG1
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All the missing calculations may be easily performed by

the algorithm used above. It is clear that to obtain the esti-
_)

2
mate for ng—g—z 0 we shall need smoother initial data.
2,t

4. The estimate (5.7) shows that in mixed media the
electromagnetic field energy difference for the complete and
approximate equations behaves at least like O(jt) when p — 0.

6. Conclusions. The paper deals with proving the ap-
plicability of the Maxwell equations in the quasi-stationary ap-
proximation to media containing nonconducting subdomains.
The main result consist in proving that the magnetic field
strength in the entire domain and the electric field strength in
the conducting subdomain, described by approximate equa-
tions, converge to the respective strength described by com-
plete equations if the u-ratio of the characteristic rate of the
process to the light velocity-tends to zero. By the convergence
we mean that the integral norm of the solutions difference,
calculated in spatial variables, tends to zero for all considered
time instants if the conditions of agreement for initial data are
fulfilled. This result was obtained for the medium containing
subdomains with sharply nenhomogeneous electric conduction
in the problem on a limited time interval. The problem for
a conducting medium was studied without this requirement.
Different variants of agreed and disagreed initial data were an-
alyzed. The estimates of solution differences were obtained in
terms of input data, which testified to the presence or absence
of boundary layers. The solution estimates are given in the
case of homogeneous nonconducting medium, which testified
that. the solutions were not close to each other. Comparison
of the solutions obtained for the complete and approximate
Maxwell equations was made in the initial-boundary value
problem with zero tangential components of the electric field
strength at the boundary of the domain.
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Note that from the formal point of view the convergence
of the solutions to each other as 4 — 0 occurs independently of
the electric conduction in the conducting subdomain. It is im-
portant only that o (the lower bound of electric conductivity
in the conductor) must be nonzero. When discussing the ques-
tion about the solutions convergence under variation of one
parameter we assumed that there are problems like (2.1) and
(2.2), which differ between themselves in only one parameter.
The rest parameters must be fixed. However, even comparing
the conditions (1.3) and (1.6) evidences that normalization of
the dimensional electric conductivity is performed by using
the parameter y. Only considering different © may give fixed

o. The parameter p participates in normalization of F. But
if we study singular perturbed problems like (2.1) we always
assume that the involved data values are about unity.

Here, in ch. 5 we restricted ourselves by determining how
the solutions difference depended on one parameter pu. We
obtained in ch. 3 the estimates for the solutions difference,
which explicitly contained the problem parameters. Hence,
those estimates allow us to judge how close are the solutions
depending on any parameter involved in the problem. Note,
for example, that the condition (1.6) for applicability of the
quasi-stationary approximation is very natural. The parame-
ters u and o, enter into the right hand side of the condition
(3.5) only in the combination (1.6). Hence, to provide the
closeness of magnetic field strength at all times it is necessary
to fulfill the condition (1.6). However, for the closeness of
electric field strength in the norm (3.5) depending on time (or
more so uniform in time (3.10)) it is necessary that the ratio
pt/o} and p? /o must be respectively small.

Finally, it should be noted that a different point of view
is also possible as.to the relationship between (2.1) and (2.5).
Suppose that for some reason it is not convenient to solve
the second problem although we are interested exactly in its
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solution. Then, as the obtained estimates show, solving the
problem (2.1) we approach to the solution of (2.5). In this
case the parameter u plays a formal role and acts as artificial
viscosity in hydrodynamics or a small parameter in the quasi-
inversion method or like something else.
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