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Abstract. The idea of predicting the case, when the considered long-term
ARMA model, fitted to the observed time series tends to become unstable be-
rause of deep changes in the structural stability of data, is developed in this
»aper. The aim is to predict a possible unstable regime of the process {X:,:€T} -
teps in advance before it will express itself by a high level crossing or large vari-
imce of an output variable Xy The problen it solved here for Jocally stationary
\R(p) sequences {X,,teT}, whose estimated parameters can reach critical sets
ocated at the boundary of the stability area. An alarm funciion and an alarm
et are fitted here to predict catastrophic failures in systems output r units in
«dvance for given >0 and a confidence level v. The probability of false alarm
s derived explicitly for AR(1) depending on 7,y and N - the number of the last
ybservations of {X,}. o '

Key words: non-stationary AR, prediction of structural instability,
-predictable catastrophe, alarm set; false alarm probability.

1. Introduction. A change is an universal property. Any phe-
icmenon is changing ~ slowly or rapid'y, continuously or abruptly.
iven a rock standing immovable at the same place in the coursé of
:enturies does undergo slow changes in physical and chemical struc-
ures eventually turning into soil. A statistical model well fitted to
lescribe the behaviour of any kind of phenomena becomes unfit
fter some time. A theory of various kinds of smooth behaviour
vecomes less and less applicable in our complicated dynamical life
iowadays. A sudden change may be caused by a smooth alter-
ition in the situation. Political and economical systems collapse,
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bridge and buildings fall dowr when some critical point in their
state is reached. The probabilistic approach to predict a catas-
trophe, specified as a high level crossing by the sample path of
a stochastic process was proposed by Jacque de Maré (1980) and
Lindgren (1980) where an optimal alarm system was fitted. But
the level crossing is one of the visible properties, it can be treated
as a result of some structural changes in the system, generating a
time series, or it can be interpreted as a rare event in the sample
path of a stationary random process. The latter interpretation has
been used in the papers mentioned above. Our aim is to relate
such catastrophic failures in system output with deep changes in
it’s structural stability, since the parameters describing the system
change in such a way that they reach critical sets. It is important
to join analytical and probabilistic techniques in order to handle
such a behaviour and to predict it in advance.

Let us prepare the probabilistic tools necessary for the solution
of the mentioned problems.

2. Notation and basic facts. Let {X;, t € T}, T = 0,1,
+2,..., be a time series described by the model ARMA(p,q)

i g

> ai)(Xems — ) = 3 b(Berss,  aol®) = 1. (1)

i=0 i=o
Here all ¢’s are independent identically distributed with mean zero
Ee; = 0 and variance Ee} = 1. The right hand side of equation (1)
~and the parameters b;(t), j = 0 + ¢ represent non-stationary, un-
measured natural excitation while the parameters 6(¢) = (a1(¢),..., .
ap(t), u:) reflect the structure of the real object, identifiable by sta-
tistical methods on the base of the observed data - realizations
Zy,%9,...,2N,, 1 = 1,2,..., M of the sequence {X;, t € T}. We are
interested here only in structural parameters 6(t) and their possi-
ble changes making dynamical system (1) unstable. The instability
leads to "catastrophic” failures of a physical system: an upcrossing
of a high level, the explosive character of output. Such unpleasait
or dangerous events must be predicted in advance, say 7 steps ahead
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on the base of the whole information available at the moment. The
problems that arise in this context are the following:

(i) to choose the predictor or alarm function which carries the
information on stability of a dynamical system, enabling the
algorithm to make an alarm r steps ahead;

(i) to evaluate characteristics of the fitted alarm system, namely
the proBabilities of false alarm and undetected failures;

(iii) to optimize an alarm system. ‘

The first two goals are the subject of the presented paper while
the optimization wiil be pursued in the future investigations.

Let us formalize the problem. Necessary definitions and facts,
certainly known to the reader, will be given below in order to avoid
misunderstanding.

O(t)=0, the system invariant in time. Rewrite the equa-
tion (1) as:

p g
Y oai(Ximj =)= biers. (2)
3=

j=0

DEFINITION 2.1. A stochastic system described by the equa-
tion (2) is stable iff all the roots 21,2,...,z2, of the characteristic
polynomial equation

P 4apzf 4. dap1z4+a,=0 3)
are less than unity in magnitude
l2;1 < 1, j=1+p. (4)

The output of a stable system (2), i.e., time series z1,22,...,ZN,
is a realization of a stationary random process or sequence {X,
teT). |

In this context it is useful to mention the theorem proved in
the monograph by Anderson (1971).

Theorem 2.2. If a stationary stochastic process satisfies a
stochastic difference equation for which at least one root is 1, all
values of the process are the same with probability 1.
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A random process {X;, t € T} is no longer stationary if the
polynomial (3) contains a factor of the form (z —1)¢,d > 1, although
its d-th difference would be stationary. '

DEFINITION 2.3. If some root of the polynomial equation (3) is
larger than 1 in absolute value, system (2) is unstable, its output
is a non-stationary sequence anu the random process {X;, t € T'} is
ezplosive.

Denote by

Zy={z: |zl <1} (5)

a set in a complex plane Z inside the unit circle and by 87; =
{z: |z| =1}, a boundary of the stability region, according to defi-
nition 2.1.

The subset Z; C Z may be mapped into a closed subset of pa-
rameters © C RP for every fixed p, i.e., the number of characteristic
roots.

Denote the mapping, known as the formulae of Viéte, relating
the roots of the polynomial and its coefficients by v,

v: Z; =0, (6)
v:i 8Z; = 80, (7)

where (
©={0:]z54/<1, j=1+p}, 6 C R?, (8)

and 90 is the boundary of the p-dimensional stability region © of
stochastic system (2).
Note that we consider real X,’s and only real-valued coefficients
a1,83,...,8p, SO 21,...,2p are only complex conjugate and real.
The complements to Z, and © that are denoted here by Z; and
e:
ZUZ=2. BUG =R, (9)

Namely, Z, and © are the areas of instability in Z plane and
parameter space RF. o

O(t) time-variant. Let us return to equation (1) and consider
separately abrupt and continuous changes of 4 as time goes.
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.+ (1) Step-wise function 6(t). Say 8(t) is piece-wise constant: the
value #(!) € © changes suddenly to §2). Two situations are possible:
9 € © and 6(») ¢ ©. Both cases are unpredictable events if an ob-
servable sequence {X;, t € T} is independent of 8’s changes in the
statistical sense. In case 6/ € @ the resulting process {X;} satisfies
the stability requirements but it'is non-stationary, of course. Any
change inside © is allowed. The processes of such a kind are known
(Ozaki and Tong, 1975; Kitagawa and Akaike, 1978) as a piece-wise
stationary or locally stationary. The process may consist of M inde-
pendent stationary ‘pieces’ {Xt(i),t;._l €t} i=1,2,..., M, t, =0,
corresponding to the values () € ©; as if it is switching from one
stationary regime to another.. The result is the switching process
that can be considered as the limiting process (Kligiené, 1976) of a
locally stationary process when sudden changeé are rare events and
the intervals of ‘stationarity’ are large as compared to the value p,
i.e., the order of equatign (1) or the left side.

(2) Evolutionary changing 6(t). Here we have in mind any con-
tinuous, slow changes; In the study of a long-life phenomenon, the
process {X,} is often non-stationary. For instance, the long-term
wave effects on the offshore or the evolution of some biological sys-
tem. For those phenomena one has to consider two time scales:
short-term (minutes, days, say) and long-term (on'the order of
years). The short-term probabilistic model is then described under
the conditions of local stationarity, the parameters being fixed. The
long-term model is obtained on providing a long-term probabilistic
description of the short-term parameters. - If such a description is
available, the prediction of that important change r-steps ahead is
possible. Both cases ) ¢ © or #(?) ¢ © may be considered again,
the latter being more important in our problem. It is well known
(White, 1958) that an unstable process becomes explosive.

Let {X,, t € T} be a time series defined by equation (1) with
the structural parameters 6(t) = (ay(t),...,a,(t). p) for each ¢ be-
longing to the stability region ©. For each time point t let C; be a
measurable set of sample functions.

DEFINT: 1ON 2.4. A catastrephe occurs at time ¢ if X € Ci.
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Such a definition of a catastrophe was introduced and used by
Jacque de Maré (1980), where as an example of C; is given:

Ct(:c)z{:c: Xt<u<X«g+5, 0<5<6}. (10)

As a rule, 6 is a small positive number and u is a high level.
It is rather a mere occurrence of level crossing within the near
future that is of interest, not the exact time of it. Therefore, we
formulate the problem as a pure two-choice problem: at each time ¢
we make one of two possible statements: either that X;,, will cross
the prescribed level u at least once for some s € (0,6), or that there
will be no such crossing.

Let us restrict our investigation to a definite situation formu-
lated here as the following

ASSUMPTIONS:
(A1) The short-term model is time invariant AR()(p) model
P N
S d (X —p)=e,  teT  a=1 (1)
=0
l’}'=1,2,...,M; T}:(ii_l,ti_l—‘rl,...,ti)

where a.lI the roots of the polynomial equation
]

p )
Yoafmi =0 (12)
=0

are less than 1 in absolute value.

(A2) The long-term model consists of the locally stationary. pro-
cesses AR(M(p), AR?)(p), ..., ARM)(p) defined on non-overlap-
pingintervals T3, ..., Ty represented by the observed sequences
20,260,200, i=12,... M

Theorem 2.5. If some roots (at least one z'*)) of the poly-
nomial equation (12) are larger than 1 in-absolute value, then a
catastrophe C; will occur at some time t € T;, with probability 1.

Proof. Introducing the backward shift operator B~ defined by

B—ng = Xt-] and BXt = XH-I; (13)
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.where B-B~! = I, the stochastic difference equation (11) can-be

réwritten (we shall omit the upper index (i) what is not important
here)

. .
Z a; BT ( Xy - p) =g (14)
ij=0 . '

and formally |

P R oo
Xi—p= (Za;-B") S¢=Z5j6z-j (15)
. j=o j=0

where §;’s are the coefficients in
P -1 D: .
(L) =S (19
Ti=o =0 '

Note that the roots of Y 7_ a;z’ =0 are z; = 1/z; when a, #0
and |z;| > 1 if the condition |z} < 1 is fulfilled. Then the series

j;oajz-" ﬁ(_zi) = Zi o |

i=1

converges absolutely for any z: |z| < min|z;].

Let us consider the case in which some roots of the polynomial
equation (12) are larger than 1 in absolute values. Suppose.|z;| > 1,
i=1,...,r |zl <1, i=r+1,...,p. We write the stochastic difference
equation (11) as '

P }4 '
ee=3 ;B X, = [[(B - z:)Xip. (18)

j=e J

The inverse of (18) is

Xg_p = fI(B - I,’)—l ﬁ [B(l - Z;’B—])]—ist
t=1 u=r+41 v ‘

=1I[(-2)0-28)7] T s 0-n870s

1 [ i

- i= i=r+1
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( )1—BBr/:c, H l—B-‘pl/z,-.Et

f=1 i=r4l
-I-HEE I E )ns = > dien 1)
i=1 v=0 % r+1 v=0 t=—00
where §7’s are the coefficients in Loran’s series
Sea=TI(-)E(E) I 2 o
jz=-00 i=1 P oe=0 s iz=r+1 v=0 }

which is divergent because the convergence area of the essential part
|z} < min|z| < 1 = max|z;|~! has no common area with that of the
regular part |27!| < min|z;|, i.e., |z] > min|z;|~!. So the expression

)
Z bree = Zfsj&'z—-j (21)
j=0

==

is convergent only in case r = 0 and divergent if r # 0. The conclu-
sion is that X:;;, > u for any large u with probability 1. As soon
as some of tlfe roots become larger than one: lz;} > 1, the event
will occur with probability 1.

3. Fitting of alarm areas, probabilities of errors. On
the base of Theorem 2.5 we shall focus our attention on the critical
event i.e., crossing of the boundary 80 of the closed area © by
the function of the parameters #(s) in a p-dimensional space at the
moment t:

Ci(6) = {6(1 ~ 1) < 8O < 6(t)}
~{8(s)e®, ifs<t; 8(s)€B, if s>t} (22)

In terms of the characteristic roots z:u,...,zpt, considered as
time dependent in a long-term model, the event analogous to (22),
may be expressed as .

P

Clz) = {3 : laiual <L, Juedl > 1, do€(1.2,...,p), t€T;} (23)

~



N. Kligiené 29

[he final outcome of the events (22) or (23) will express itself by a
iigh level crossing (10) what follows as consequence of Theorem 2.5.

Thus, if we want to detect the failure of stability, we must
letect one of the events Cy(z), C:(#),Ci(X) not only as soon as
rossible but also we need to anticipate catastrophic failures, i.e.,
-> 0 time instants ahead to give an alarm on a catastrophe at the
noment t.

Typical examples are the fatigue of some structures, the fail-
ires in nuclear plants, earthquakes, etc. One approach to forecast
. catastrophe C; 7 time units ahead is to condense the informa-
ion available in realization z;,zs,...,zn5 of {X,,s < t— 7} into a
tochastic process Y (¢) and to give an alarm if and only if Y(t) has
n upcrossing of the specified alarm boundary at time ¢. Naturally
ve can consider Y(t) = 4(t), Y € RP if we have decided to pre-
lict the event (22). The o-algebra generated by Y (¢) is denoted by

= o{Y (1)} = o{X,, s <t— 7} = Fy ’. Define a t-indexed set by
4,(r) which is Fi-measurable as the alarm set for a catastrophe C;
.0 be detected 7 units in advance.

We say that there is an alarm for a catastrophe at time ¢ if
7 € Ay The alarm is false if Y € A, but X ¢ C, and there is
in undetected catastrophe at time ¢, if Y ¢ A; but X € C;. The
>robabilities of errors P{Y € A; | X ¢ C;} and P{Y ¢ A4, | X € C¢}
e of special interest. It is not our goal to construct an optimal
ilarm system as it was done by Jacque de Maré (1980). At first
ve would like to define an alarm region A(r, P) for fixed 7 and
P{Y € A; | X € C,} - the probability of false alarm.

DEFINITION 3.1. We shall call the catastrophe C; 7 — predzcable
f there exist such 7 > 0 and Y(t) that

P{Y € A, | C} =c, c#0, AceFy . (24)
ind C; is unpredictable if r =0

REMARK 3.2. The property (24) is stated for the available
evel of knowledge condensed in F3. An unpredictable catastrophe
vith respect to 7% may become predictable in the sense of 77, if

7y C 7}
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ExaMmPLE 3.3. If the vector function 8(¢) = (ai(t),...,ap(1)) is a
slowly varying in time continuous and monotonous t function (each
component considered separately), then Cy(6) is r-predictable.

ExaMPLE 3.4. If () is a step-wise function with an unknown
law of a abrupt change, independent of X, the catastrophe C} is
unpredictable. C; will also be unpredictable if it is not related to
the structure of model (1) and it is provoked by some outward
effect.

DEFINITION 3.5. For every real ¢ > 0 define a subset A(¢) C Z;

Ae)={z: 1—e < |z < 1} (25)

Time t is attributed here to r-upcrossing of 7 at t.
Note that A(¢) is in the neighborhood of a boundary 6Z of a
stability region and in some sense can serve as an alarm area. The

problem is to relate ¢ with » and P.
Relation (6) maps a subset A;(c) C Z; into A(-,-) C ©:

and our tas¥ is to specify the alarm boundary in concrete cases
p=1,2 and !.-*Y(t) in terms of the observed realization z;,...,zx and

given valued 7, P with 7 >0, 0 < P < 1.

4. Alarm boundaries for AR(1), AR(p) sequences. The
mean value g, = E{X;} is not essential in our investigation, let
pt =0, Vt, and consider AR(1) sequence defined by

X: + al(t)Xt_l = bo(t)e;. (27)

Let the assumptions (Al), (A2) be valid. The short-term_
model admits local stationarity of the sequence {X;}, the parame-
ters a1 (t) = a1, |ai] < 1, bo(t) = by, V¢, being constant and estimated
from the observed realization z;,z,,...,zx5 as

i 1 & i<, '
a = “N_-1 ;x:x;_l/:{;;z{, (28)

N
A 1 )
bg = Ft—-l- Z—:;(.’L’t -+ alx,_1)2. (29)
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The long-term model will include the evolution of the pa-
rameter ay(t) from |a;| < 1 to Ja;| = 1 and Ja;| > 1. We need to
find the limiting distribution of g(N)-(a; — a;), where the function
g(N) is such that g(N)(a: — a;) has a non-degenerate distribution
for all the values of a;. It is a usual way (White. 1958) to take
9(N) = [I(a1)}? = E¥(—d?log f/da,), where I(ay) is Fisher’s informa-
tion, or the value asymptotically equivalent to [I(a;)]?, i.e.,

(| N
: . for |ai] < 1: (30)
V 1—ay :
—_— JV .
g(.N) - E, for Ialq =1; (31)
[a;!” < “
o1 for fa;| > 1. (32)

It is well known (White, 1958) that g(N)(a; —a;) is asymptotically
N(0,1) for |a;] < 1 and the limiting distribution is the Cauchy one
for |a;| > 1.

The confidence interval of the level vy = 1 — 2P in the case
fa;] < 1 can be written out

R /1~ a? . /1 —a? .
P{al —2zp N : < aj < ay+zp 1\7a1}=1—zp (33)

where zp is the A’(0,1) quantile of the level 1 — P.

Relation (33) enables us to fit the alarm boundary for sta-
bility of model (27) which is stable if |a;()] < 1 and unstable if
lai(t)] > 1.

Let us fix the moment of upcrossing the unit boundary at point
s: lay(s)] = 1. It is necessary to make an alarm not later than s'—r
for fixed 7 > 0. Let Y(s) = |ai(t)], t < s — r. Say we get the ob-
servations 1'(1’127 = (z(li),...,ng,)) periodically from each interval T
and the estimates a("), of ay(t), ¢t € 7; — are derived according to
(28). In such a way the continuous function a;(t) is approximated
by polygon, each level ag") of it is provided by the confidence i..-
terval (33). Evidently, the alarm region consists of the interval
Ao =[1=¢1).
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Fig. 1. The alarm region for AR(1).’

It is natural to consider an exponential approaching to the
boundary: a;(s) = e*(*~"), having the value a; = 1 at the mnoment
s=t; la;] <1 for s <t and |a;| > 1 for s >t, see Fig. 1. .

Let Y(t) = ai(t), t < s — 7. Each time the estimate &g’) of
ai(t), t € Ty is derived according to (28) from the observations
2@ ORI

150 TN -
The alarm region on the base of expression (33) is

' . . 1-—a?
Ar,P)=|1-a1(t—7)—zp —, 1), (34)

In the exponential case it leads to

— p— 2
At(T,P)z {l—e"”—zp }—%——-, 1). (35)

where o may be estimated from the value In ;. In addition to (Al),
(A2), assume that Ny < N3 < ... < Ny, i.e., we are able to ebserve
larger realizations when approaching to the boundary of stability
and to get the estimates of a; good enough. The probability of

¢
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false alarm can be calculated in the following way:

P{},t € At iXt ¢ Cg; Cl\(t) < ].}
=P{1—E<fl1(t—T)<1lX¢ éC}, al(t)<1} (36)

Denote a random variable by

C:‘-\/I—\z"—i(dl—ax)~./\/(0,0'2), o =4/1-a? (37)

then
. o
G, =a; + WC
and the random variables
R I / ’
a1(t) = ai(t) + i (38)
alt—r)=al—7)+ 7—°'\_g- (39)

are independent because of independence of {; and {;—,. Thus the
probability (36) becomes unconditional and we have

:P{1—5<a3(t—r)+-\71}'\__;;ct_, < 1}
:P{\/JV‘: v~ }

—(-alt-7)-¢) <lr < —gi(l — ait — 1))

= Q(—\/;Ai(l—-al(t—r))) -<x>(‘/—:]:(1 -»Qal(t-—r)—sz/’%]:)>’ A

where ®(-) is a standard normal distribution function. Expression
(40) relates the probability of false alarm to the length N; of lately
observed series z1,...,zx, and to the fixed values 7 and 7.

In the general case of the AR(p) model, choosing Y (t) = (a,(t),
...,@p(t)) it is possible to define an alarm region A;(r, P) C © on the
base of the well known (Anderson, 1971) asymptotic result

(40)

V/Ni(a —a) ~ N(0, b2R;1), (41)
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where Ry = (Ryj, i,j = 1+p), Rij = cov(X;, X;), Ry'-Rp = I.

The alarm region cannot be so simply fitted as for p = 1 but
the idea is the same: to map an c-environment of 8Z; into © and
to derive an alarm region there, at the stability boundary 8©. The
case p = 2, given as an example in Fig. 2, illustrates the fact that
the mapping in © has no such a simple form as its origin, namely,
an e-ring in the Z plane. That implies the thought that it depends
on the location of # in © how close to the boundary 9© one-can
approach without too much risk to hit it.

-4

Fig. 2. The alarm region 4; C R?in Z and © planes for AR(2).

Here o = 2: — 2.

5. Conclusions, comments. It was the first attempt to re-.
late the changes in the structural parameters witl. catastrophic
failures in the output of a stochastic system in order to predict
a possible unstable regime. The idea is to focus the attention on
the essence — the behaviour of characteristic roots of the stochastic
difference equation, while an alarm set is made in the parametric
space. ‘ i '

The subject deals with the non-stationary time series a,nalygis
as well as with a prediction theory, that cannot be used here in
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2 traditional way. There is no reason to base a predictor on a
criterion such as a minimal mean square prediction error or like it.
Since a stability is defined through characteristic roots, it would
be very natural to base a criterion on the behaviour of the roots,
too. Two difficulties arise an this way: first — to estimate the roots
efficiently; second - to derive their probability distribution law (at
least asympfotic). First of all, we shall have to deal with complex
valued variables, afterwards even a slight deviation in the estimaied
parameters might cause not so slight variations is the location of
the roots, especially if the order of the polynomial is high. Without
knowledge of statistical properties of the estimated roots we should
not be able to provide them with confidence levels. That is why it
is simpler to fit an alarm set in ©, not in Z. The case p = 1 is a mere
occurrence, when both © and Z is the same unit interval (-1, 1).
There is no real applicator in this paper, but we all know that
most of the applications are the systems governed by AR or ARMA
equations and the prediction of an unstable situation is urgent in
many fields. Note the paper by Popescu and Demetriu (1990) where
the records of strong ground motion of the Romanian earthquake
of 4 March 1977 are described by the locally stationary ARMA
models whose parameters are located near the edge of stability.
This is an example, convincing us that such a really catastrophic
event as earthquake can be handled by means of the scheme of the
r-predictable catastrophe. The links with a conventional catastro-
phe. theory (Poston and Stewart, 1977), as a coherent mathemat-
ical description of discontinuous changes in dynamical systems, is
an open problem. It seems that a theory, analogous to the ex-
isting one, might also be developed when a stochastic difference
equation describes the phenomenon instead of non-stochastic dif-
ferential equations used in the catastrophe theory up till now.
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