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Abstract. The aim of this paper is to investigate intuitionistic fuzzy multiple attribute group deci-
sion making problems where the attribute values provided by experts are expressed in intuitionistic
fuzzy numbers, and the weight information about the experts is to be determined. We present a new
method to derive the weights of experts and rank the preference order of alternatives based on pro-
jection models. We first derive the weights of the decision makers according to the projection of the
individual decision on the ideal decision. The expert has a large weight if his evaluation value is close
to the ideal decision, and has a small weight if his evaluation value is far from the ideal decision.
Then, based on the weighted projection of the alternatives on the intuitionistic fuzzy ideal solution
(IFIS), we develop a straightforward and practical algorithm to rank alternatives. Furthermore, we
extend the developed model and algorithm to the multiple attribute group decision making prob-
lems with interval-valued intuitionistic fuzzy information. Finally, an illustrative example is given
to verify the developed approach and to demonstrate its practicality and effectiveness.

Key words: intuitionistic fuzzy set, interval-valued intuitionistic fuzzy set, projection method,
multiple attribute group decision making.

1. Introduction

Multiple attribute group decision making problems are those of major importance in
diverse fields such as engineering, economics, and management. The current socio-
economic environment is becoming more and more complex, which makes it almost im-
possible for a single decision maker to consider all the aspects of a problem (Liou and
Tzeng, 2012). Generally, several decision makers are involved in the decision making. In
the process of decision making, the decision information about alternatives is usually un-
certain or fuzzy due to the increasing complexity of the socio-economic environment and
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the vagueness of inherent subjective nature of human thinking. The intuitionistic fuzzy
set (IFS) (Atanassov, 1986, 1999), characterized by a membership function and a non-
membership function, is more suitable for dealing with fuzziness and uncertainty than the
ordinary fuzzy set developed by Zadeh (1965) whose basic component is only a mem-
bership function. Gau and Buehrer (1993) gave the notion of vague set, which is another
generalization of fuzzy sets. Bustince and Burillo (1996), nevertheless, showed that it is
an equivalent of the IFS. Consider that, sometimes, it is not approximate to assume that
the membership degrees for certain elements of an IFS are exactly defined, but a value
range can be given. In such cases, Atanassov and Gargov (1989) introduced the notion
of interval-valued intuitionistic fuzzy set (IVIFS), which is characterized by a member-
ship function and a nonmembership function, whose values are intervals rather than exact
numbers.

The IFS and IVIFS are highly useful in dealing with fuzziness and uncertainty, and
thus, recently many researchers have applied them to the complex decision making prob-
lems. Some methods have been developed to solve the single person multiple attribute
decision making problems with the IFS and IVIFS information (Grzegorzewski, 2004;
Liu and Wang, 2007; Lin et al., 2007; Gong et al., 2009; Li, 2004, 2008, 2011; Wei,
2008, 2010a; Xu, 2007a, 2007b; Xu and Yager, 2008; Zhao et al., 2010; Lakshmana Go-
mathi Nayagam and Geetha, 2011; Wanga et al., 2011; Ye, 2009, 2010). On multi-person
multi-attribute decision making, alternatively called multi-attribute group decision mak-
ing (MAGDM, for short) problems, Mitchell (2004) defined an intuitionistic OWA op-
erator which aggregates a set of intuitionistic fuzzy sets and described a simple appli-
cation of the new intuitionistic OWA operator in multiple-expert multi-criteria decision
making. Atanassov et al. (2005) provided a tool to solve the multi-person multi-criteria
decision making problems, in which the attribute weights are given as exact numerical
values and the attribute values are expressed in intuitionistic fuzzy numbers. Xu and
Yager (2006) developed some geometric aggregation operators, such as the intuitionis-
tic fuzzy weighted geometric (IFWG) operator, the intuitionistic fuzzy ordered weighted
geometric IFOWG) operator, and the intuitionistic fuzzy hybrid geometric IFHG) oper-
ator and gave an application of the IFHG operator to MAGDM with intuitionistic fuzzy
information. Xu (2007c¢) investigated the group decision making problems in which all
the information provided by the decision makers is expressed as intuitionistic fuzzy deci-
sion matrices where each of the elements is characterized by intuitionistic fuzzy number,
and the information about attribute weights is partially known. Xu (2007d) developed
an approach to group decision making based on intuitionistic preference relations. Xu
and Yager (2009) developed a new similarity measure and apply the developed similarity
measure to the consensus analysis in group decision making based on intuitionistic fuzzy
preference relations. Boran et al. (2009) combined TOPSIS method with IFS to select
appropriate supplier in group decision making environment. Li et al. (2009) developed a
new methodology based on some fractional programming models and the ranking method
for solving MAGDM problems using ntuitionistic fuzzy sets (IFSs). Li et al. (2010) de-
veloped a linear programming methodology for solving MAGDM problems using IFSs.
Yue et al. (2009) introduced an approach for aggregating multiple attribute values char-
acterized by precise numerical values into an intuitionistic fuzzy number and gave an
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application of this fusion to MAGDM. Wei (2010b) developed the induced intuitionis-
tic fuzzy ordered weighted geometric (IIFOWG) operator, and presented its application
to MAGDM problems. Xu (2010a) utilized distance measures to solve MAGDM prob-
lems with interval-valued intuitionistic fuzzy information. Xu (2010b) investigated the
MAGDM with intuitionistic fuzzy information and information about attribute weights is
completely known or completely unknown, and proposed a deviation-based approach to
solve the problems. Xu and Wang (2012) presented the induced generalized intuitionistic
fuzzy ordered weighted averaging (IGIFOWA) operator and applied it to MAGDM prob-
lems concerning with searching the best global supplier. Zeng and Su (2011) and Zeng
(in press) presented an intuitionistic fuzzy ordered weighted distance (IFOWD) operator,
and applied it to group decision making. In all these literature, the weights of the decision
makers (or experts) are determined beforehand. At present, many methods have been pro-
posed to determine the weights of experts in intuitionistic fuzzy multiple attribute group
decision making problems. Tan (2011) determined the decision makers’ weights by the
means of the Choquet integral. Xu and Cai (2010) developed some nonlinear optimiza-
tion models to get the decision makers’ weights. Yue (2011a) developed a new approach
for measuring the decision makers’ weights in group decision making setting based on
distance measure, in which the decision information is expressed in interval-valued intu-
itionistic fuzzy numbers. Yue (2011b) presented an approach for group decision making
based on determining weights of experts using TOPSIS method. Recently, Yue (2012a)
introduced an approach for group decision making based on determining the weights of
experts by using projection method. Yue (2012b) also developed a projection method for
determining weights of DMs with interval numbers. Wang et al. (2009) investigated the
group decision making problems in featuring incompletely known weights of the attributes
and decision makers, which may be constructed by employing intuitionistic fuzzy num-
bers (IFNs). In all these existing approaches, the weights of the experts are the same for
all the attributes. However, if the weights of experts for all the attributes are the same,
the evaluating result would be unreasonable. Hence, the different weights of the decision
makers should be assigned to different attributes in the group decision making problem,
as different experts have their own knowledge and experience in reality and they are actu-
ally experts in some of the attributes and not in other attributes. Inspired by this idea, in
this paper, we propose a projection method to derive experts’ weights in IFSs and IVIFSs
MAGDM through aggregating the individual decision matrices into a collective decision
matrix. Especially, the expert whose evaluation value is close to the ideal decision has a
large weight, while the expert whose evaluation value is far from the ideal decision would
have a small weight. Further, the preference order of alternatives can be ranked in accor-
dance with the projections of alternatives onto the ideal solution.

The rest of the paper is organized as follows. In Section 2, we give some basic concepts.
In Section 3, we propose a straightforward and practical method to derive the weights of
experts and rank the preference order of alternatives based on projection models. In Sec-
tion 4, we extend the developed models and procedures to handle the MAGDM problems
with interval-valued intuitionistic fuzzy information. In Section 5, we illustrate our pro-
posed algorithmic method with an example. The final section concludes.
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2. Preliminaries

Atanassov introduced the concept of intuitionistic fuzzy set (IFS), which was defined as
follows:

Leta set X be fixed, an intuitionistic fuzzy set A in X is an object having the following
form:

A:{(x,MA(x),vA(x))|xeX} (1)

where the functions 4 (x) : X — [0, 1] and v4(x) : X — [0, 1] determine the degree
of membership and the degree of non-membership of the element x € X, such that 0 <
uax)+va(x) <1 forall x € X. In addition m4(x) =1 — ua(x) — va(x) is called the
degree of indeterminacy of x to A, or called the degree of hesitancy of x to A. Especially,
if T4o(x) =0, for all x € X, then the IFS A is reduced to a fuzzy set.

For convenience, the & = (g, Vo, 7T ) is called the intuitionistic fuzzy number (IFN)
(Xu, 2007a; Xu and Yager, 2009), where

Ha €10, 1], vy €0, 1], Mo + Vg < 1, Ty =1— g — Vo (2)
and denote the module of « as:

loo| =/ 2 +v2 + 2. 3)

DEeriNiTION 1. (See Xu and Hu, 2010.) Let X = {x{, x3, ..., x,} be a finite universe of
discourse, A be an IFS in X, then

|Al = “)

is called the module of A, where o; = (g , Vo, » TTo; ) is the i-th IFN of A.

In many situations, the weight of the element x; € X should be taken into account,
for example, in multiple attribute decision making, the considered attributes usually have
different importance, and thus need to be assigned with different weights. Xu and Hu
(2010) defined the weighted module as follows.

DeFInITION 2. Let X = {x1, x2, ..., x;;} be a finite universe of discourse, A be an IFS in
X, then

n

Z (wile I)2 5)

i=1

|Alw =

is called the weighted module of A, where o; = (g, Vo, , o, ) is the i-th IFN of A, and
w = (w1, w2, ..., w,) is the weighting vector of x; (j =1,2,...,n) with w; €[0, 1],
Yjmiwi=1.
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DerIniTION 3. (See Xu and Hu, 2010.) Let X = {x1, x2, ..., x,} be a finite universe of
discourse, A and B be two IFSs in X, then

. L5
Pr]BAZEZ(Mo(,-,U«ﬁi =+ Vo, Vg; +7T0t,'7-[/3i) (6)
i=1

is called the projection of A on B, where o; = (Ug;, Vo;» ;) and B = (ug;, vg;, 76;)
are the i-th IFNs of A and B, respectively. Obviously, the greater the value Pr jp A, the
more the degree of the A approaching to the B. Especially, if n = 1, then we get the the
projection of IFN o] = (g, Vo, Tey) ON B1 = (g, , Vg, TB,) as:

1

Prjg a1 = |,3—1|('ual'uﬁl + v, Vg, + 70, 7By). )

DerInITION 4. (See Xu and Hu, 2010.) Let X = {x1, x3, ..., x,} be a finite universe of
discourse, A and B be two IFSs in X, then

n
Z wi2(:““0ti Wp; + Vo Vp; + T, TTp;) ®)
i=1

PrjgA=
[Bly,

is called the weighted projection of A on B, where o; = (lq;, Vo;, To;) and B; =
(ug;, vg;, wg;) are the i-th IFNs of A and B, respectively. w = (wy, w2, ..., wy) is the
weighting vectorof x; (j =1,2,...,n) withw; €0, 1], 27:1 wj=1.

3. Multiple Attribute Group Decision Making Based on Intuitionistic Fuzzy Sets

In the multiple attribute group decision making, decision makers first determine the eval-
uation values of the alternatives with respect to attributes. With these evaluation values,
decision makers select the best alternative or rank the alternatives. During the decision
process, several experts are involved in order to get a reasonable result. In the existing
group decision making problems, the weights of the decision makers or experts are often
determined beforehand. Usually, they have the same weight for all the attributes. But in
some real-life situations, some decision makers are familiar with some of the attributes,
but not others due to any activities requiring human expertise and knowledge, which are
inevitably imprecise or not totally reliable. When evaluating attributes they are not good at,
experts may provide unreasonable values. The result would be unreasonable if the weights
of experts for all the attributes are the same. On the other hand, if we assign different ex-
pert weights to different attributes, the additional amount of work would be too large. In
this section, instead of assigning the weights of experts, we develop a projection model
to derive weights of the experts from the evaluation values. The expert whose evaluation
value is close to the ideal decision should be assigned a large weight, while the expert
whose evaluation value is far from the ideal decision would have a small weight.
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For a group decision making problem, let A = {A1, A2, ..., A} be a finite set of
alternatives, D = {D1, D, ..., D;} be the set of decision makers (or experts), G =
{G1, Ga, ..., G,} betheset of attributes, and w = (w1, wo, ..., w,) be the weighting vec-
tor of the attributes, here w; € [0, 1], Z i—1 w;j = 1. An intuitionistic fuzzy decision ma-

trix R® = (rl.(;‘))mx,, (tl(]k), fl.g.k), (k))mxn, whose elements (tl(jk), fi;k), l.(]{‘)) are IFNs,
is provided by the decision maker Dy for the alternative A; with respect to the attribute G ;.

Here, given by the decision maker Dy, tl.(;() indicates the degree that the alternative A;

should satisfy the the attribute G, f % indicates the degree that the alternative A; should

not satisfy the attribute G ; and n( )

terminacy to the attribute G s and

indicates the degree that the alternative A; is inde-

(8 e (k) (k) (k)_
” 9 ” ) ” 0 ]] t” +f _13

i=1,2,....m, j=1,2,...,n. )

If all the attributes G; (j = 1,2, ..., n) are of the same type, then the attribute values
do not need normalization. Whereas, there are generally benefit attributes (the bigger the
attribute values the better) and cost attributes (the smaller the attribute values the better)
in MAGDM. In such cases, we may transform the attribute values of cost type into the
attribute values of benefit type, then R® = (r(k))mxn can be transformed into the intu-

itionistic fuzzy decision matrices D® = (d (k))mx,, , where

® _
d;;

(k) (k) __(k)
(“i,’ 2 Vi T )

(k) (k) (k) .
(¢ 1 f, ;) ), for benefit attribute G,

) &) &)
f‘l] ’ l] ’ i )

j=12,...,n. (10)
for cost attribute G,

Suppose that the evaluation values for the alternative A; with respect to the attribute G ;

1 IDING! 1 2 2) 2 _@ .
ared( ) - (I‘Ll(])a l(])’ ( )) d( ) - (I‘Ll(])a l(])’ ( )) "’dl(]t) - (Mf;)a l(]t)v (I)) prOVIded
by t experts We define the mean of these evaluatlon values as d; = (u; iV / J T ) where

1 < 1 < 1 <
x k) * (k) * (k)
wg =2 omys vi=o v, =) my an
k=1 k=1 k=1

Inspired by compromise elements in the literature (Yue, 2011a,2011b,2012), the mean
value d k= (ul i j ) TT; ) can be defined as the ideal decision of all these evaluation values

dl.(ll.‘) k=1,2,...,1). In this sense, the more the degree that di(/') is closer to the di*/" the

better the decision di(k) . Therefore, we can calculate the projection of each evaluation value
on the ideal decision d;“l. by (7):

1

k) _ (k) (k) ®

Prja;dij” = || e (g i vy o ). (12)
ij
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Then the weight for di(f) can be defined as:

. k)
Pr jge.d\)
w(k) _ ij U

= k=1,2,..,t,i=12,....m, j=1,2,...,n. (13)
ij Z;(:l Prjd;di(]]-() J

The weight of each expert determined by this model has the following desirable char-
acteristic: the closer an evaluation value is to the the mean value, the larger the weight
is. In this algorithm, the experts’ weights are different for different attributes. This can
avoid the unreasonable evaluation value induced by decision makers’ limited knowledge
or experience

When the weight values for the experts are determined, the evaluating values provided
by different experts can be aggregated by using the weighted averaging operator:

1 1 2 2
dij = w di)’ +wPdF - wdf) (14)

Therefore, we can obtain the collective decision matrix D = (d;;)mxn-

In the following, we will propose a procedure for MAGMD problems with intuition-
istic fuzzy information by application of projection models. The procedure involves the
following steps:

Algorithm 1

Step 1. The decision makers evaluate the alternatives with respect to the attributes to
form the intuitionistic fuzzy decision matrices. Determine the expert weights for each
evaluation value by (12) and (13), and aggregate the different experts’ evaluations into a
collective one by (14).

Step 2. Calculate the intuitionistic fuzzy ideal solution (IFIS): A* = (af, a3, ..., o),
*k * * kY
where of = (Mj, vj,rrj) is IFN, and
Wi = mle{Mij}, v = ml_in{vi,/}, mi=1—ui—vj,

i=1,2,...,m, j=1,2,...,n. (15)

Step 3. Utilize (8) to calculate the weighted projection of the alternative A; (i =
1,2,...,m) on the IFIS A* that is

. 1
Pr]A*Ai: lA*|w;wl(,u,],uf—i-v,]vf—i-n,jnf) (]6)
Step 4. Rank all the alternatives A; (i =1,2,...,m) in accordance with the projection

Pr ja+A;. Obviously, the larger the projection Pr j4+ A;, the closer the alternative A; is to
the IFIS A*, and the better the alternative, A;. The above method employs only the pro-
jection models and the weighted averaging operator to aggregate evaluation information,
therefore it is very simple and convenient to use in practical applications.
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In what follows, we shall extend the developed methods to the MAGDM with the
interval-valued intuitionistic fuzzy information.

4. Multiple Attribute Group Decision Making Based on Interval-Valued
Intuitionistic Fuzzy Sets

Interval-valued intuitionistic fuzzy set IVIFS) was first introduced by Atanassov and Gar-
gov (1989). It is characterized by an interval-valued membership degree and an interval-
valued non-membership degree. Let a set X be fixed, an IVIFS in X is an object of the
following form

A={{r, (0, 750)|x € X} (17)

where /i ; (x) = [ﬁg(x), ﬁAq(x)] C[0,1]and 9;(x) = [6§(x), f)g (x)] € [0, 1] are inter-

valds, ﬁg(x) = inf/i ;(x), ﬁAlZ(x) = sup i ; (x), ﬁﬁ(x) = inf(x), ﬁg(x) = sup ¥ (x),
an

A+ <1, forallx € X. (18)
~ _raL ~U
Let w;(x) = [nA (x), s (x)], where

S LN ~U ~U ~U N ~L ~L
nA(x)_l—MA(x)—vA(x), 5 (x)_l—u/i(x)—v/i(x), for all x € X.

19)

Especially, if i ;(x) = ﬁg(x) = ,zg(x) and 9;(x) = f)g(x) = ﬁ%’(x), then A is re-
duced to an IFS.

The pair (ji;(x;), vz(x;), 7 ;(x;)) is called an interval-valued intuitionistic fuzzy
number (IVIFN) (Xu and Yager, 2009). For convenience, we denote an IVIFN by & =

(fig, Vg, Tg), Where

/1&:[~g,/1g]€[0,]], 6&:[6576(?]6[0’1]’ /’:Lg‘i‘ijggl, 20
(20)

o= (7L 7Y] = [1 - RY a1~k —oL].
DEeriNITION 5. (See Xu and Hu, 2010.) Let X = {x1, x3, ..., x,} be a finite universe of

discourse, A be an IVIFS in X , then

1)
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is called the module of A, where & = (jig,, U5, 7,) is the i-th IVIFN of A, and |&] is
the module of &;, which can be denoted as follows:

& | = \/ (AL)*+ (RY)? + (5L)” + (3V)* + (7E)* + (7Y)*. 22)
DEeriNITION 6. (See Xu and Hu, 2010.) Let X = {x1, x3, ..., x,} be a finite universe of

discourse, A be an IVIFS in X , then

(23)

is called the weighted module of A, where &; = (g, Vg, 7g;) is the i-th IVIFN of A, and

w = (w1, w2, ..., w,) is the weighting vector of x; (j =1,2,...,n) with w; € [0, 1],
Z?:l w; = 1.
DEeriNiTION 7. (See Xu and Hu, 2010.) Let X = {x{, x3, ..., x,} be a finite universe of

discourse, A and B be two IVIFSs in X , then

Zy:l (ﬂéiﬁéi +ﬁgﬁg +60L!iﬁ;§i +1~)¢§]iﬁ/l3]i +ﬁ0[5‘iﬁ/§‘i +ﬁ0%ﬁg)

PrjzA= -
|B]

(24)

is called the projection of A on B, where &; = (g, Vg, ;) and ,5,- = (,&Bi, l~)/§i , ﬁ&-) are
the i-th IVIFNs of A and B, respectively. Obviously, the greater the value Pr jz A, the
more the degree of the A approaching to the B. Especially, if n = 1, then we get the the
projection of IVIFN & = (fig, , Vg, g,) on B = ([LBI , 1751 , ﬁﬁl) as:

- [ ~U ~U | ~L~L |, ~U~U | ~L~L | ~U=U
Prjz a1 = llg—ll(ualuﬂ] + fig, g, + Uy, Vg, + Ug, g, + 7, g, +”a1”ﬁ1)' (25)
DEeriNiTION 8. (See Xu and Hu, 2010.) Let X = {x{, x3, ..., x,} be a finite universe of
discourse, A and B be two IVIFSs in X, then

Zy:l wiz(ﬁéiﬁéi +ﬁgﬁg +60L!iﬁ;§i +ﬁgﬁ/l3]i +ﬁ0]7iﬁ/§‘ +ﬁ0%ﬁg)

PrjzA= X "
1Bl

(26)

is called the weighted projection of A on B, where & = (g, Vg, Tg;) and Bi =
([LBI_, ﬁBi,ﬁBi) are the i-th IVIFNs of A and B, respectively. w = (wy, wa, ..., w,) is
the weighting vectorof x; (j =1,2,...,n) with w; € [0, 1], Zj‘:l wj=1.

We consider the same decision making problem as that in the Section 3. But now the
evaluation value of the alternative A; with respect to the attribute G ; is represented by the

IVIFNs. Let R®) = (Fl.(;‘))mxn = (fl.(;‘), ﬁ.(jk), ﬁi(;())mxn be an interval-valued intuitionistic
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fuzzy decision matrix. (t o fl(k) (k)) is the corresponding IVIFN provided by the deci-
7k)

sion maker maker Dy, for the alternative A; with respect to the attribute G ;. Here, 7;;" i
dicates the degree that the alternative A; should satisfy the the attribute G, figk) indicates
the degree that the alternative A; should not satisfy the attribute G; and ﬁ;,{() indicates
the degree that the alternative A; is indeterminacy to the attribute G, for convenience of

caleulation, let 71} = 7,0, 7“1, f1¥ = 17,0 7“1 2% =12, ©. 7] ©1, and

L k U k L k U k U k U k
~L(k) _ ~U(k) ~U (k) ~U(k) _ ~L (k) ~L(k)
myp ==y Ay = = Sy @7

In the cases where the attributes are of benefit and cost types, we normalize R®) =
(F.({‘))mxn into the interval intuitionistic fuzzy decision matrices D® — (dl.(]/.‘))mxn, where

jif]/f) — (“:(j{)’ t(/k)’ ﬂt(/k)) ([l/«,L,(k)s Mg(k)]’ [f)i,l;'(k)’ 53(@]’ [ﬁlﬂl;(k)’ ﬁiy(k)])

(tl(jk), fi Ek), T (k)) for benefit attribute G ;,
7 (k) (k) (k) .
(fij +1;; 7)), for costattribute G j,

i=1,2,...n. (28)

Suppose that the evaluation values for the alternative A; with respect to the attribute G ;

5(1) ~ (1) ~(1) ~(1) 3(2) ~(2) (2) (2) 5(t) () (t) (t) :
aredu —(HU »Vijos lj ), d —([,LU Vi T ), . ..,dlj _(I‘sz 2 U T )prov1ded
by ¢t experts We define the mean of these evaluatlon values as d; = (i}; i U; /’” *)y =
(g, ay 1 o5, 7 [, 7% 1), where

~ ! o, ~ 1L & v . 1 L0,
I’Ls* ?kgl L( Mllj* ; ; ij( )’ L* ? g (

4w L L 29)
~U* U() ~ L% ~L() ~U>s< U()

- T = — 7'[ —

= =T [ 5

The projection of each evaluation value Ji(f) on the mean value 3;} is defined as follows:

Prjd*d(k)
(llﬁ(k)l’v,L]*+l’v,L]](k)H,] +UL(/<) L*+UU(/<) U*+ﬁL(k)~L*+T~[U(k)~U*)
7|

(30)
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Therefore, the weight for ‘?i(]]'() can be defined as follows:

wl=——9 ° _ k=1,2,...,0,i=12,....m j=12,....,n. (31)

After obtaining these weights, we can aggregate the evaluation values provided by
different experts through

jij — w(l)d(l) (Z)d(Z) 4ot w(t)d(t)

v, (32)

where c?l.j = (/1”., ﬁij’ fr,.j) = ([/1”, ,u”] ok Uijs U ] (7L i 7r ]) thus, we can obtain the de-
sired collective decision matrix D = (d,.,)mx,,.

Similar to Section 3, a procedure for solving the above problems with interval-valued
intuitionistic fuzzy information by application of projection method can be described as
follows:

Algorithm 2

Step 1. The decision makers evaluate the alternatives with respect to the attributes to form
the interval-valued intuitionistic fuzzy decision matrices. Determine the expert weights for
each evaluation value by (30) and (31), and aggregate the different experts’ evaluations
into a collective one by (32).

Step 2. Calculate the uncertain intuitionistic fuzzy ideal solution (UIFIS): A* =
(aj,o5,...,a5), Wherea (M],v],rr*) is IVIFN, and

iy = [, ) = [, (i) ma 5],

ﬁ;_[vf*’ﬁy*]z[mm,{v }, min; {v] 1. (33)

Step 3. Calculate the weighted projection of the alternative A; (i =1,2,...,m) on the
the UIFIS A* by (26):

Zrll W 2(ML L*+MU U*+ULUL*+UUUU*+7TL7TL*+7TUJTU*)

|A*

Prji.Ai = |
w

(34)

Step 4. Rank all the alternatives A; (i = 1,2, ..., m) in accordance with the weighted
projection Pr j ;. A;. The larger the weighted projection Pr j ;. A;, the closer the alternative
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A; is to the UIFIS A*, and the better the alternative, A;. Therefore, all the alternatives can
be ranked according to the values of the weighted projection so that the best alternative
can be selected.

5. Illustrative Example

Now, we discuss a problem concerning with a manufacturing company, searching the best
global supplier for one of its most critical parts used in assembling process. The attributes
which are considered here in selection of five potential global suppliers, i.e., the set of
alternativesis A = (A1, Az, A3, A4, As)., are: (1) G: overall cost of the product; (2) Ga:
quality of the product; (3) G3: service performance of supplier; (4) G4: supplier’s profile;
and (5) Gs: risk factor. An expert group is formed which consists of four experts from each
strategic decision area. By statistical methods, the expert ex (k =1, 2, 3, 4) evaluates the
characteristics of the potential global supplier A; (i = 1,2, 3,4,5) with respect to the
attribute G; (j =1, 2, 3,4, 5) on the fuzzy concept “excellence”. Thus the four decision
matrices R®) (k=1,2,3,4) can be obtained and expressed in the Tables 1-4.

Table 1
Expert 1 — intuitionistic fuzzy decision matrix RO,
Gy Gy Gj3 Gy Gs
A (0.5,0.4,0.1) (0.5,0.3,0.2) (0.2,0.6,0.2) (0.4,0.4,0.2) (0.5,0.4,0.1)
Ay (0.7,0.3,0) (0.3,0.3,0.4) (0.6,0.2,0.2) (0.5,0.4,0.1) (0.7,0.2,0.3)
A3 (0.5,0.4,0.1) (0.6,0.4,0) (0.2,0.7,0.1) (0.5,0.3,0.2) (0.6,0.3,0.1)
Ay (0.7,0.2,0.1) (0.3,0.6,0.1) (0.4,0.4,0.2) (0.4,0.5,0.1) (0.4,0.4,0.2)
As (0.4,0.3,0.3) (0.5,0.4,0.1) (0.9,0.1,0) (0.3,0.7,0) (0.3,0.6,0.1)
Table 2
Expert 2 — intuitionistic fuzzy decision matrix RO,
G Gy G3 Gy Gs
Aq (0.5,0.5,0) (0.8, 0.2,0) (0.6,0.2,0.2) (0.7,0.2,0.1) (0.6, 0.3,0.1)
Ay (0.4,0.5,0.1) (0.6,0.2,0.2) (0.7,0.3,0) (0.3,0.4,0.3) (0.7, 0.1,0.2)
Az (0.5,0.3,0.2) (0.2,0.7,0.1) (0.8,0.1,0.1) (0.7,0.1,0.2) (0.2, 0.8,0)
Ay 0.6,0.2,0.2) (0.3,0.5,0.2) (0.5, 0.5,0) (0.9, 0.1,0) (0.4, 0.5,0.1)
As (0.1, 0.8,0.1) (0.5,0.4,0.1) (0.3,0.6,0.1) (0.4,0.3,0.3) (0.7,0.2,0.1)
Table 3
Expert 3 — intuitionistic fuzzy decision matrix R®.
G Gy G3 Gy Gs
Aq (0.5,0.3,0.2) (0.7,0.2,0.1) (0.5,0.3,0.2) (0.5,0.4,0.1) (0.7, 0.3,0)
Ay (0.6,0.3,0.1) (0.6,0.2,0.2) (0.7,0.2,0.1) (0.8,0.1,0.1) (0.5,0.4,0.1)
Az (0.7,0.3,0) (0.4,0.4,0.2) (0.6,0.3,0.1) (0.2,0.7,0.1) (0.6, 0.3,0.1)
Ay (0.4,0.5,0.1) (0.6,0.2,0.2) (0.4, 0.6,0) (0.7,0.2,0.1) 0.6, 0.2,0.2)
As (0.7,0.2,0.1) (0.7, 0.3,0) (0.6,0.1,0.3) (0.7,0.3,0) (0.5,0.3,0.2)
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Table 4
Expert 4 — intuitionistic fuzzy decision matrix R@®,
G Gy G3 Gy Gs
Aq (0.4,0.5,0.1) (0.3,0.6,0.1) (0.6,0.2,0.2) (0.4,0.5,0.1) (0.7,0.2,0.1)
Ay (0.7,0.2,0.1) (0.4,0.6,0) (0.2,0.7,0.1) (0.6,0.2,0.2) (0.5,0.4,0.1)
Az (0.4,0.4,0.2) (0.2,0.8,0) (0.6,0.2,0.2) (0.5,0.4,0.1) (0.9,0.1,0)
Ay (0.4,0.5,0.1) (0.7,0.2,0.1) (0.6,0.3,0.1) (0.3,0.5,0.2) (0.4,0.5,0.1)
As (0.4,0.6,0) (0.5,0.4,0.1) 0.2,0.8,0) (0.5,0.4,0.1) (0.3,0.6,0.1)
Table 5
Expert 1 — intuitionistic fuzzy decision matrix DM,
G Gy G3 Gy Gs
Aq (0.4,0.5,0.1) (0.5,0.3,0.2) (0.2,0.6,0.2) (0.4,0.4,0.2) (0.4,0.5,0.1)
Ay (0.3,0.7,0) (0.3,0.3,0.4) (0.6,0.2,0.2) (0.5,0.4,0.1) (0.2,0.7,0.3)
Az (0.4,0.5,0.1) (0.6,0.4,0) 0.2,0.7,0.1) (0.5,0.3,0.2) (0.3,0.6,0.1)
Ay (0.2,0.7,0.1) (0.3,0.6,0.1) (0.4,0.4,0.2) (0.4,0.5,0.1) (0.4,0.4,0.2)
As (0.3,0.4,0.3) (0.5,0.4,0.1) (0.9,0.1,0) 0.3,0.7,0) (0.6,0.3,0.1)
Table 6
Expert 2 — intuitionistic fuzzy decision matrix D@,
G Gy G3 Gy Gs
Aj 0.5, 0.5,0) 0.8,0.2,0) (0.6,0.2,0.2) (0.7,0.2,0.1) (0.3,0.6,0.1)
Ay (0.5,0.4,0.1) (0.6,0.2,0.2) (0.7,0.3,0) (0.3,0.4,0.3) (0.1,0.7,0.2)
A3 (0.3,0.5,0.2) (0.2,0.7,0.1) (0.8,0.1,0.1) (0.7,0.1,0.2) (0.8,0.2,0)
Ay (0.2,0.6,0.2) (0.3,0.5,0.2) (0.5, 0.5,0) (0.9, 0.1,0) (0.5,0.4,0.1)
As (0.8,0.1,0.1) (0.5,0.4,0.1) (0.3,0.6,0.1) (0.4,0.3,0.3) 0.2,0.7,0.1)
Table 7
Expert 3 — intuitionistic fuzzy decision matrix DO,
G Gy G3 Gy Gs
Aq (0.3,0.5,0.2) 0.7,0.2,0.1) (0.5,0.3,0.2) (0.5,0.4,0.1) 0.3,0.7,0)
Ay (0.3,0.6,0.1) (0.6,0.2,0.2) (0.7,0.2,0.1) (0.8,0.1,0.1) (0.4, 0.5,0.1)
Az (0.3,0.7,0) (0.4,0.4,0.2) (0.6,0.3,0.1) 0.2,0.7,0.1) (0.3,0.6,0.1)
Ay (0.5,0.4,0.1) (0.6,0.2,0.2) (0.4, 0.6,0) (0.7,0.2,0.1) (0.2,0.6,0.2)
As (0.2,0.7,0.1) 0.7,0.3,0) (0.6,0.1,0.3) (0.7,0.3,0) (0.3,0.5,0.2)

Considering that the attributes have two different types, we first transform the attribute

values of cost type into the attribute values of benefit type by using (10), then R =
(rl.(;‘)) mxn i transformed into D® = (di(;()),,,X n, respectively, shown in the Tables 5-8.

Thus, we can utilize the proposed method to obtain the most desirable alternative(s).

We first utilize (13) to determine the expert weights for each evaluation value and aggre-
gate the different experts’ evaluations by (14). For example, the weights of the four experts

for A1 with respect to G| are w

1 _
1 =

0.251, w? =0.271, w'? = 0.231, w

) —0.248,
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Table 8

Expert 4 — intuitionistic fuzzy decision matrix D@,
G Gy G3 Gy Gs

Aq (0.5,0.4,0.1) (0.3,0.6,0.1) (0.6,0.2,0.2) (0.4,0.5,0.1) (0.2,0.7,0.1)
Ay (0.2,0.7,0.1) (0.4,0.6,0) (0.2,0.7,0.1) (0.6,0.2,0.2) (0.4,0.5,0.1)
A3 (0.4,0.4,0.2) (0.2,0.8,0) (0.6,0.2,0.2) (0.5,0.4,0.1) (0.1,0.9,0)
Ay (0.5,0.4,0.1) (0.7,0.2,0.1) (0.6,0.3,0.1) (0.3,0.5,0.2) (0.5,0.4,0.1)
As (0.6,0.4,0) (0.5,0.4,0.1) (0.2,0.8,0) (0.5,0.4,0.1) (0.6,0.3,0.1)

Table 9

Collective decision matrix D.
G Gy G3 Gy Gs

Aq (0.43,0.47,0.1) (0.65, 0.27,0.08) (0.51, 0.28,0.21) (0.53, 0.35,0.12) (0.30, 0.62,0.08)
Ay (0.33, 0.60,0.07) (0.50, 0.29,0.21) (0.61, 0.28,0.11) (0.62, 0.22,0.16) (0.28, 0.60,0.12)
Az (0.35,0.52,0.13) (0.37,0.56,0.07) (0.63, 0.23,0.14) (0.52, 0.29,0.19) (0.45, 0.51,0.04)
Ay (0.36, 0.51,0.13) (0.52,0.32,0.16) (0.48, 0.44,0.08) (0.72, 0.23,0.05) (0.41, 0.44,0.15)
As (0.58, 0.30,0.13) (0.57,0.37,0.06) (0.68, 0.22,0.1) (0.51, 0.40,0.09) (0.46, 0.42,0.12)

respectively, and then we can obtain
di=wd) +wPd? +wPa? +wiPa} = 0.43,047,0.1).

In the same way, we can get all the other values to form the following collective decision
matrix D = (d;j)sx5 (see Table 9).

Assume the attribute weighting vector w = (0.16,0.23,0.18, 0.32, 0.12)T, then we
employ (8) to calculate the weighted projection of the alternatives A; on the IFIS A*:

Prjs«A1 =0.301, Pr ja« Az = 0.300, Prja« A3 =0.285,

Pr ja«Aq = 0.320, Prjs«A1 =0.307.

Since

PrjaxAq > PrjaxAs > Prjax Ay > Prjax A1 > Pr jaxAs.
Then

Ag > As = Ay = A1 > A3,

where “>" indicates the relation “superior to” or “preferred to”, hence, the most desirable
alternative is Ag4.

From the above example, we can see that, the weights of the experts can be deduced
from the decision matrices and different attributes have different weights. This can avoid
the affect of unfair evaluation values. For example, the weights to rl(ll) =(0.4,0.5,0.1),
r® =(05,05,0), rY = (0.3,0.5,0.2) and r} = (0.5,0.4,0.1) are w'} = 0.251,
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wﬁ) = 0.271, wﬁ) = 0.231 and wﬁ) = 0.248, respectively. rﬁ) is the one closest to
the mean value, so it has the largest weight, and rﬁ) is the one farthest from the mean
value, so it has the smallest weight. Similarly, the weights to ’"1(;) = (0.5,0.3,0.2),
3 =(0.8,0.2,0), r3) = (0.7,0.2,0.1) and r\y = (0.3,0.6,0.1) are w') = 0.274,
w%) = 0.220, wg) = 0.246 and wg) = 0.260, respectively. The expert e; may be un-
familiar with the attribute G, a low evaluation is given, hence the weight of ”1(5) is the
smallest because it is the one farthest from the mean value. In addition, the method for
ranking and selecting alternatives proposed by the Algorithm 1 is very simple and conve-
nient to use in practical applications.

If we utilize the IFWA (Xu, 2007a) operator

di =IFWA(d;1,di>, ..., din) = widjy +wadip + - - +wudiy, i=1,2,...,5
(35)

to derive the collective overall preference value d; (i = 1,2,...,5) of the alterna-
tive A; in the collective intuitionistic fuzzy decision matrix D = (d;;)5x5, where w =
(0.16,0.23,0.18,0.32, 0.12)T is the weighting vector of the attribute, then we have

d; =(0.53,0.35,0.12), dr» =(0.52,0.32,0.16), d; =(0.48,0.38,0.14),
ds = (0.56,0.34,0.10), ds =(0.57,0.33,0.10).

To rank the IFN, several relevant approaches have been presented, see, for instance,
Chen and Tan (1994), Hong and Choi (2000), Liu and Wang (2007), Xu (2007a), and
Szmidt and Kacprzyk (2008, 2009). Among the existing ranking techniques, Szmidt and
Kacprzyk’s (2008, 2009) new ranking approach for IFNs takes into account not only the
amount of information (both positive and negative) associated with an alternative but also
the reliability of information represented by an alternative indicating how sure the infor-
mation is, we may use it here to evaluate the IFN d; (i =1,2,...,5),i.e.,

SN (di) = 0.5(1 + 7)dien(d;, o) (36)

where 7; is the intuitionistic fuzzy index (or hesitation margin) of d;, a;‘ =(1,0,0) is
the ideal positive intuitionistic fuzzy alternative, and dipn (-, -) denotes the normalized
Hamming distance between IFNG, i.e.,

1
dIFN(ala 052) = E('Ma] - Mdzl + |vot| - vot2| + |7TOl] - 710[2') (37)

where o1 = (lla;, Vo, Ta,) and @2 = (U, Vo, Ta,) are two IFNs.

Szmidt and Kacprzyk (2008, 2009) pointed out that the measure Sipn(d;) from (36)
could rationally demonstrate the quality of an alternative; in other words, the lower values
of Sien(d;), the better the corresponding alternatives A;.
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Finally, use (36) to calculate the measure Sipy of d; (i =1, 2,...,5) as follows:

Sien(d1) = 0.267, Sien(d2) = 0.275, Sten (d3) = 0.295,
SteN (dg) = 0.240, SteN (ds) = 0.236.

Accordingto Sipn(d;) (i = 1,2, ...,5), we can easily rank all of the alternatives: As >
A4 > A1 > Ax > Az, and hence, the best choice is A5. As we can see, depending on
different methods used, the results may be different.

Similarly, if the preferences given by the experts are expressed in interval intuitionistic
fuzzy decision matrices, then we can utilize the Algorithm 2 to derive the weights of the
experts.

6. Conclusions

The existing MAGDM approaches based on IFS or IVIFS can only cope with the situ-
ation that the weights of the experts are determined beforehand and the weights of the
decision makers are the same for all the attributes. In this paper, we have developed a new
algorithms in which the weights of the experts are derived from the decision matrices and
decision makers have different weights for different attributes. The closer an evaluation
value is to the ideal decision of the evaluation values, the larger the weight is, and the
farther an evaluation value is from the ideal decision of the evaluation values, the smaller
the weight is. These can effectively avoid the unreasonable evaluation values due to the
lack of knowledge or limited experience of experts. Thus, the results are more reasonable.
Then, we develop a straightforward and practical algorithm to rank alternatives based on
the weighted projection of the alternative on the intuitionistic fuzzy ideal solution (IFIS).
Furthermore, we have extended the developed models and procedures to deal with the
MAGDM with interval-valued intuitionistic fuzzy information. Finally, numerical exam-
ples are given to further illustrate the practicality and efficiency of the new algorithms.
Further studies could be aimed at devloping hybrid decision making methods based on
different linguistic represenation methods (e.g. 2-dimensional uncertain linguistic infor-
mation (Liu, 2012)) and fuzzy multi-crieria decision making methods (Zavadskas et al.,
2012).
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Projekcijos metodas grupiniam daugiakakriteriniam sprendimy pri-
émimui su intuityvia neraiskiagja informacija

Shouzhen ZENG, Tomas BALEZENTIS, Ji CHEN, Gangfei LUO

Straipsnyje nagrinéjamos intuityvaus nerai§kiojo sprendimy priémimo problemos, kuomet in-
formacija apie nagrinéjamas alternatyvas yra iSreiSkiama intuityviais neraiskiaisiais skaiciais, o eks-
pertams suteikiami svoriai i§ anksto néra Zinomi. Pasiiilyti ekspertams suteikiamy svoriy ir alter-
natyvy pirmenybiu eilés nustatymo metodai, paremti projekcijos modeliais. Pirmiausia nustatomi
eksperty svoriai pagal atitinkamy jverciy (sprendimy) projekcijas j idealyjj jvertj. Taigi, ekspertams
suteikiami didesni svoriai, jei jy pateikti jverciai labiau sutampa su idealiuoju jverciu, ir atvirk§ciai.
Tuomet nagrinéjamos alternatyvos ranguojamos pagal jy projekcijas j idealiaja alternatyva. Minétas
algoritmas pritaikytas ir intervaliniams intuityviems neraiskiesiems duomenims. Pateiktas praktinis
sprendimy priémimo pavyzdys atskleidZia metodo praktiSkuma ir veiksminguma.



