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Abstract. With respect to multi-attribute decision making under uncertain linguistic environment,
a new interval-valued 2-tuple linguistic representation model is introduced. To deal with the sit-
uation where the elements in a set are interdependent, several generalized interval-valued 2-tuple
linguistic correlated aggregation operators are defined. It is worth pointing out that some interval-
valued 2-tuple linguistic operators based on additive measures are special cases of our operators.
Meanwhile, several special cases and desirable properties are discussed. Furthermore, models based
on the correlation coefficient are constructed, by which the optimal weight vector can be obtained.
Moreover, an approach to multi-attribute group decision making with uncertain linguistic infor-
mation is developed. Finally, an example is selected to show the effectivity and feasibility of the
developed procedure.
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1. Introduction

Decision making is one of the most common activities for human beings, which is defined
in uncertain, vague and imprecise situations. Thus, the experts usually express their pref-
erences using fuzzy variables, such as fuzzy sets (Zadeh, 1965), type-2 fuzzy sets (Zadeh,
1973), intuitionistic fuzzy sets (Atanassov, 1986), and hesitant fuzzy sets (Torra, 2010).
All these fuzzy tools are defined for quantitative situations. However, in many situations,
it is more suitable to express the experts’ preferences using qualitative variables rather
than quantitative variables (Zadeh, 1975a, 1975b, 1975c¢), which is usually expressed by
linguistic variables, such as “light”, “fair”, and “heavy”. To well deal with qualitative
variables, different kinds of linguistic variables are presented, such as linguistic variables
(Zadeh, 1975a, 1975b, 1975c¢), uncertain linguistic variables (Xu, 2004a, 2004c), and hes-
itant fuzzy linguistic term sets (Rodriguez et al., 2012).

*Corresponding author.
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Since linguistic variables were first introduced by Zadeh (1975a, 1975b, 1975¢), the
fuzzy linguistic approach has been applied in many fields and applications, such as de-
cision making (Ben-Arieh and Chen, 2006; Dong et al., 2009a; Martinez et al., 2010;
Merig6 et al., 2010; Wang, 2013; Xu, 2004b; Zha, 2013), medical care (Becker, 2001),
military system (Wu and Mendel, 2010), risk assessment (Liu et al., 2010), engineering
evaluation (Martinez et al., 2005, 2007), and social choice (Garcia-Lapresta et al., 2010).
At present, there are main two kinds of computing methods for linguistic variables. One
uses the membership function of linguistic terms (Degani and Bortolan, 1988; Martin and
Klir, 2006), the other is based on the predefined ordinal scales (Yager, 1981). It needs to
point out that model based on the predefined ordinal scales has been widely applied to
decision-making processes for its easy calculation and application (Delgado et al., 1993;
Herrera and Martinez, 2000a; Wei, 2010, 2011a; Xu, 2004b, 2004c, 2004d, 2006, 2007,
Xu et al., 2013; Yager, 1993, 1995).

The 2-tuple fuzzy linguistic model (Herrera and Martinez, 2000a), an effective com-
putational approach for computing with words (CW), can well deal with the process
of linguistic information. Since it was first proposed by Herrera and Martinez (2000a),
it has provided very good results in many fields and applications (Dong et al., 2009a;
Herrera and Martinez, 2000b; Herrera-Viedmaet al., 2007; Li et al., 2009; Liu et al., 2011;
Moreno et al., 2005; Yu, 2009; Zeng et al., 2012). As Martinez and Herrera (2012)
noted: “this success would not have been possible without methodologies to carry out
the processes of computing with words (CW) that implies the use of linguistic informa-
tion”. As a key aspect of CW, many 2-tuple linguistic aggregation operators have been
proposed, such as the 2-tuple linguistic weighted averaging (TLWA) operator (Herrera
and Martinez, 2000a), the 2-tuple linguistic ordered weighted averaging (TLOWA) op-
erator (Herrera and Martinez, 2000a), the extended 2-tuple linguistic weighted averag-
ing (ET-LWA) operator (Herrera and Martinez, 2000a), the 2-tuple ordered weighted
geometric (TOWG) operator (Jiang and Fan, 2003), the extended 2-tuple linguistic or-
dered weighted averaging (ET-LOWA) operator (Zhang and Fan, 2006), the 2-tuple hybrid
weighted averaging (T-HWA) operator (Xu, 2004c), the 2-tuple linguistic weighted geo-
metric averaging (TLWGA) operator (Xu and Huang, 2008), the extended 2-tuple linguis-
tic ordered weighted geometric (ET-LOWG) operator (Wei, 2010), the induced general-
ized 2-tuple linguistic ordered weighted averaging (IG-2TLOWA) operator (Wei, 2011a),
the 2-tuple linguistic power averaging (2TLPA) operator (Xu and Wang, 2011), the 2-tuple
linguistic power ordered weighted averaging (2TLPOWA) operator (Xu and Wang, 2011),
the dependent 2-tuple ordered weighted averaging (D2TOWA) operator (Wei and Zhao,
2012), the dependent 2-tuple ordered weighted geometric (D2TOWG) operator (Wei and
Zhao, 2012), and the induced 2-tuple linguistic generalized ordered weighted averaging
(2-TILGOWA) operator (Xu, 2004c). To cope with the situation where the elements in a
set are correlative, some 2-tuple Choquet integral operators are defined, such as the 2-tuple
linguistic induced quasi-arithmetic Choquet integral aggregation (Quasi-2-TLICIA) op-
erator (Merigé6 and Gil-Lafuente, 2013), and the generalized 2-tuple correlated averaging
operator (Xu, 2004d). Because the 2-tuple linguistic variable only addresses the situation
where the attribute value of alternative is one linguistic term from the predefined ordinal
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scales. This makes it insufficient to completely express the expert’s personal judgment on
the attribute values of alternatives.

To cope with this issue, several other types of linguistic variables are presented, such
as uncertain linguistic variables (Xu, 2004a) and hesitant fuzzy linguistic term sets (Ro-
driguez et al., 2012). With respect to uncertain linguistic variables, similar to the 2-tuple
fuzzy linguistic model (Herrera and Martinez, 2000a) for linguistic variables, Lin et al.
(2009) introduced the interval-valued 2-tuple linguistic model to deal with uncertain lin-
guistic information that avoids the information loss and distortion in the process of un-
certain linguistic information. Later, Zhang (2012, 2013) further researched the interval-
valued 2-tuple linguistic model and defined some interval-valued 2-tuple linguistic aggre-
gation operators, such as the interval-valued 2-tuple weighted average (IVTWA) opera-
tor, the interval-valued 2-tuple ordered weighted average (IVTOWA) operator, the gen-
eralized interval-valued 2-tuple weighted average (GIVTWA) operator, and the general-
ized interval-valued 2-tuple ordered weighted average (GIVTOWA) operator. At present,
the interval-valued 2-tuple linguistic aggregation operators are all based on the assump-
tion that the elements in a set are independent. However, in many real decision-making
problems, there is usually a degree of interdependence between elements. For exam-
ple, “we are to evaluate three companies according to three attributes: economic ben-
efits, environment benefits, social benefits, we want to give more importance to envi-
ronment benefits than to economic benefits or social benefits, but on the other hand we
want to give some advantage to companies that are good in environment benefits and
in any of economic benefits and social benefits”. In this situation, the aggregation oper-
ators based on additive measures seem to be insufficient. The purpose of this paper is
to define some new generalized interval-valued 2-tuple linguistic aggregation operators
using the Choquet integral and the generalized Shapley function that address the situa-
tion in which the elements in a set are interdependent. Meanwhile, some important cases
and desirable properties are considered. Furthermore, models for the optimal weight vec-
tor are constructed. Then, an approach to uncertain linguistic multi-attribute group deci-
sion making with incomplete weight information and interactive characteristics is devel-
oped.

This paper is organized as follows: Section 2 introduces several relative concepts, such
as interval-valued 2-tuple linguistic variables, interval-valued 2-tuple linguistic represen-
tation models, the Choquet integral and the generalized Shapley function. Section 3 de-
fines several generalized interval-valued 2-tuple linguistic aggregation operators that are
based on the Choquet integral and the generalized Shapley function. Meanwhile, several
special cases and desirable properties are studied. Section 4 constructs several models
based on the correlation coefficient, by which the optimal vector on an attribute set, on an
expert set and on their ordered sets can be respectively obtained. Furthermore, an approach
to multi-attribute group decision making with uncertain linguistic information is devel-
oped. Section 5 uses an example to illustrate the concrete application of the procedure.
Conclusion is made in the last section.
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2. Basic Concepts
2.1. Interval-Valued 2-Tuple Linguistic Variables

The linguistic approach is an approximate technique to represent qualitative aspects using
linguistic variables. Let S = {s; | i =0, 1,...,¢} be a linguistic term set with odd car-
dinality. Any label s; represents a possible value for a linguistic variable, and it should
satisfy the following characteristics (Herrera and Martinez, 2000a):

(1) The setis ordered: s; > s;,if i > j;

(2) Max operator: max(s;, ;) =s;, if s5; > s;;

(3) Min operator: min(s;, s;) = s;, if 5; <5;;

(4) A negation operator: neg(s;) = s; such that j =t —1.

For example, the linguistic term set S can be expressed by § = {so: very light,
s1: light, so: fair, s3: heavy, s4: very heavy}.

To represent the linguistic assessment information, Herrera and Martinez (2000a) in-
troduced the 2-tuple linguistic representation model that is based on the concept of sym-
bolic translation. A 2-tuple linguistic variable is composed by a linguistic term and a real
number, denoted by a 2-tuple (s;, ;) with s; being a linguistic term from predefined lin-
guistic term set S and «; € [0.5,0.5).

DEeFiniTION 1. (See Herrera and Martinez, 2000a.) Let 8 be the result of an aggregation of
the indices of a set of labels assessed in a linguistic term set S, i.e., the result of a symbolic
aggregation operation, B € [0, t], with ¢ being the cardinality of S. Let i = round(f) and
o = B —i be two values, such that, i € [0, t] and « € [0.5, 0.5), then « is called a symbolic
translation.

DEeriniTION 2. (See Herrera and Martinez, 2000a.) Let S = {so, 1, ..., s;} be a linguistic
term set, and § € [0, ¢] be a number value representing the aggregation result of linguistic
symbolic, then the 2-tuple linguistic variable that expresses the equivalent information
to B is obtained with the following function A:

A:[0,t] - S x[0.5,0.5),

Si, i =round(p),

AB)= (i, q),  with {a,: i, ae[-0.5,0.5),

where round(-) is the usual round operation, s; has the closest index label to 8 and «; is
the value of the symbolic translation.

DEeriniTION 3. (See Herrera and Martinez, 2000a.) Let S = {so, 1, ..., 5;} be a linguistic
term set, and (s;, ;) be a 2-tuple linguistic variable. There is always a function A~

A~ S % [0.5,0.5) — [0, 1],

A (s o) =i+ a; =B
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Later, Chen and Tai (2005) introduced another form of the 2-tuple linguistic represen-
tation model.

DEeriniTION 4. (See Chen and Tai, 2005.) Let S = {s; | i =0, 1, ..., ¢t} be a linguistic term
set with odd cardinality, then any 8 € [0, 1] can be transformed into a 2-tuple linguistic
variable, denoted by

. Si, i =round(B x 1),
AP = (i) with { w=pB—i/t, ac[-0.5/t,0.5/1).

From Definition 4, one can conclude that any 2-tuple linguistic variable (s;, &) can be
converted into a crisp value 8 € [0, 1], denoted by A‘l(si, o) =i/t + «. This represen-
tation model can deal with linguistic decision-making problems with multi-granularity
linguistic term sets.

Similar to Herrera and Martinez (2000a), Lin et al. (2009) introduced the concept
of interval-valued 2-tuple linguistic variables. Later, Zhang (2012) gave the definition of
interval-valued 2-tuple linguistic variables as follows:

DEeriniTION 5. (See Zhang, 2012.) Let S ={s; | i =0, 1, ..., ¢} be a linguistic term set
with odd cardinality. An interval-valued 2-tuple linguistic variable is composed of two
linguistic terms and two numbers, denoted by [(s;, 1), (s}, o2)], wherei < j and oy < o
if i = j, s;(s;) represents the linguistic label in § and a1 («2) is the value of the symbolic
translation. Equivalently, any interval [81, B2] C [0, 1], 81 < B2, can be expressed by the
interval-valued 2-tuple linguistic variable as follows:

Si, i =round (B *t),

(e ) . Sjs Jj =round (B xt),
A([B1, B2l) = [(si, 1), (sj, )], with Wiz By — i/t m e [-0.5/1.0.5/.
ar=PBr—j/t, are[—-0.5/1,0.5/1).

From Definition 5, one can conclude that any interval-valued 2-tuple linguistic variable
[(si, a1), (s}, a2)] can be converted into an interval [y, B2] € [0, 1], B1 < B2, denoted by
A1 ([Gsis 1), (sj,a2)]) =[i/t+oaq, j/t+az]. From Definition 5, we know that the value
of « is small. For example, if t = §, then « € [0.0625, 0.0625). To extend the range of the
value «, similar to Herrera and Martinez (2000a), we introduce another interval-valued
2-tuple linguistic representation model as follows:

DEeFintTION 6. Let S = {s; | i =0, 1,...,¢} be a linguistic term set with odd cardinal-
ity. An interval-valued 2-tuple linguistic variable is composed of two linguistic terms
and two numbers, denoted by [(s;, &1), (sj, a2)], where (s;,01) < (sj, a2) if i + 01 <
J+o2,si(s;) is the linguistic term in S and o (or2) is the value of the symbolic translation.
Furthermore, any interval [B1, f2] C [0, 1], 81 < B2, can be expressed by interval-valued
2-tuple linguistic variable as follows:
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Sis i =round (P *t),

(e i . Sjs Jj =round (B x ),
A([B1, B2l) = [(si, 1), (sj, )], with o i w0505,
ar = pot — j, a2 €[-0.5,0.5).

From Definition 6, one can conclude that any interval-valued 2-tuple linguistic vari-
able [(s;, 1), (s, a2)] can be converted into an interval [B1, B2] € [0, 1], denoted by

A7N([(si, o), (sj,02)]) =[G + 1) /1, (j + a2)/1].

RemMArk 1. Without special explanation, in this paper we adopt the interval-valued
2-tuple linguistic representation model given in Definition 6. This representation model
is convenient to compare interval-valued 2-tuple linguistic variables from different multi-
granularity linguistic term sets.

ExampLE 1. Let S={s; |i =0, 1, ..., 6} be the predefined linguistic term set. For the in-
terval [B1, B2] = [0.4, 0.7], by Definition 5 we have A([B1, B2]) = [(s2, 0.07), (s4, 0.03)].
On the other hand, from Definition 6 we obtain A([B1, B2]) = [(s2,0.4), (54, 0.2)].

For any interval-valued 2-tuple linguistic variable A = [(s;, a1), (s}, o2)], similar to
Zhang (2012), the score function is defined to get the score of A, denoted by S(A) =
(i + j + o1 + a2)/2t, and the accuracy function is given to evaluate the accuracy degree
of A, expressed by H(A) = (j + op — i — «1)/2t. Furthermore, an order relationship,
for any two interval-valued 2-tuple linguistic variables A = [(s;, a1), (s, @2)] and B =
[(sk, a3), (57, 4)], is defined as follows:

If S(A) < S(B), then A < B.
H(A)=H(B)= A=B,
If S(A) = S(B), th
(4)=S(B) en{H(A)<H(B)=>A>B.
From the expressions of the score and accuracy functions, one can derive that S(A) =

(B1+ B2)/2 and H(A) = (B2 — f1)/2 with A~ (A) = [B1. Ba].

2.2. The Choquet Integral and the Generalized Shapley Function

As many researchers (Grabisch, 1996; Meng et al., 2014a, 2014b, 2014c, 2015; Meng and
Chen, 2015a,2015b,2016; Meng and Zhang, 2014; Tan and Chen, 2010, 2011; Xu, 2010;
Xu and Xia, 2011; Yager, 2003; Zhang et al., 2011) have noted, in many situations where
the elements are interdependent. In this case, the aggregation operators based on addi-
tive measures seem to be insufficient, whereas the aggregation operators based on fuzzy
measures (or non-additive measures) seem to well cope with this issue. This subsection
reviews the concepts of the Choquet integral and the generalized Shapley function.

DerintTION 7. (See Sugeno, 1974.) A fuzzy measure on a finite set N ={1,2,...,n}isa
set function p : P(N) — [0, 1] satisfying
(1) n@=0,n(N)=1,
(2) If A, B € P(N) with A C B, then u(A) < u(B), where P(N) is the power set
of N.
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DeFiniTION 8. (See Murofushi and Sugeno, 1989.) Let f be a positive real-valued func-
tion on X, and yu be a fuzzy measure on A = {x1, x2, ..., x,}. The discrete Choquet inte-
gral of f with respect to u is defined by

Cou(fx)), fF(x@)s-oos fxm)) = Zf(x(i))(H(A(i)) — (A1),

i=1

where () indicates a permutation on N such that f(x1)) < f(x2) <--- < f(x@)), and
Agy=1{x@), ..., X} with Ag41) =0.

From Definition 8, we know that the Choquet integral degenerates to the OWA opera-
tor if there are no interactions. Based on the fuzzy measure, the Choquet integral addresses
the interactions between elements. However, it only considers the importance of the or-
dered positions and gives the interactions between adjacent coalitions A(;y and A4y,
i=1,2,...,n.

The generalized Shapley function proposed by Marichal (2000) is an effective tool to
reflect the interactions between coalitions in game theory, denoted by

(n—s—1)t!

(n—s+1)! (L(SUT) —u(T)) VSCN,

S5 N)= )

TCN\S

where n, ¢ and s are the cardinalities of N, T and S, respectively.

From Definition 7, one can easily derive that ®g(u, N) > 0 for any § € N. Fur-
thermore, for any ordered set A(;), we have Z:’:l(q)A(i) (u, N) — ‘DA(M)(M, N)) =1
and CDA(i)(M,N) — CDA(M)(M,N) >0,i=1,2,...,n. It means that {CDAO.)(;L,N) —
Daiyn (u, N)}i=1.2.....n is a weight vector (or probability measure). When s = 1, it derives
the well-known Shapley function (Shapley, 1953)

(n—s—1)!s! . .
pi(p, N) = —————(w(SUi)—u(S)) VieN.
SQXN:\I' n!

From the expression of the generalized Shapley function, we know that it is an expectation
value of the interactions between the coalition S and any coalition 7 C N\S.

3. Some Generalized Interval-Valued 2-Tuple Linguistic Choquet Aggregation
Operators

At present, there are few researches about the interval-valued 2-tuple linguistic aggre-
gation operators based on fuzzy measures that restrict the application of interval-valued
2-tuple linguistic variables. To deal with the situation where the elements in a set are
interdependent, this section defines several generalized interval-valued 2-tuple linguistic
Choquet aggregation operators.
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DeriNtTIoN 9. Let X = {[(1, ), (r1, &)1, [T, b)), (ra e, oy [y @), (s )T}

be a set of interval-valued 2-tuple linguistic variables, and p be a fuzzy measure on the
ordered set N ={1,2, ..., n}. The GIVTLCWA operator is defined by

GIVTLCWA([(11, 1), (1, )], [(2, @2), (2, 03) ], [ ). (s )])

=A ([ Z (1(A@) — (A1) A (), Olfi))x,

i=1
1

n 5 A

D (1A = uAar)) A7 (ro). o) ] )

i=1
where A € R, (-) is a permutation on N with [y, (xfl.)), (ray, ozfl.))] being the jth least
value of [(l;, o)), (ri, o)), i =1,2,...,n,and Agy = {i,i + 1,...,n} with A, 41) = 0.
RemMArk 2. If there are no interactions between the ordered positions, then the

GIVTLCWA operator degenerates to the generalized interval-valued 2-tuple ordered
weighted average (GIVTOWA) operator (Zha, 2013)

GIVTOWA([(11, o41), (r1, o) ], [(12, @5). (2, @) - [ ) (s 7))

([Zw(:)A (liy» ) Zw(wﬁ r(,),ot(l))i| )

Remark 3. If A = —1, then the GIVTLCWA operator degenerates to the interval-valued
2-tuple linguistic Choquet weighted harmonic (IVTLCWH) operator

IVILCWH][ (1, ), (r1, &), [(12, &), (r2, @) ], - o [(lns @), (s @) ]

n -1 n -1
m(A@)) — w(Ai+1)) m(Aiy) — w(Ai+n)
=A 2 , 2 )
<|:<i:1 A71(1(")’“%1’)) ) (i:l A_l(r(")’(”(ri)) ) j|>

Remark 4. If A — 0, then the GIVTLCWA operator degenerates to the interval-valued
2-tuple linguistic Choquet weighted geometric mean IVTLCWGM) operator

IVTLCWGM([(11, o). ()] [ (12, @2). (2. @) s [ (s ). (s )])

" n
_ Ay —m(Ag _ A —pt(Agan)
:A<[HA Mty )T TT AT oy ) A D

i=1 i=1

RemaRrk 5. If A = 1, then the GIVTLCWA operator degenerates to the interval-valued
2-tuple linguistic Choquet weighted averaging (IVTLCWA) operator
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IVTLCWA ([(1, &), (r1, @)], [(l2s &), (r2s @), -+ [(ns @), (s @)])

=
=

—A<|:Z M(A(:))—M(A(:H)) l(z),a(,) Z M(A(i))—M(A(i+1)))

i=1 i=1

x A7 (r(,'), (x(i))]).

RemaRrk 6. If A =2, then the GIVTLCWA operator degenerates to the interval-valued
2-tuple linguistic quadratic Choquet weighted averaging (IVTLQCWA) operator

IVTLQCWA([(1, ), (1, o) ], [(2, @2), (2, 03) ], [k ). (s )])

=A(|:Z(M(A(i)) — 1(Aa1)) A Loy, of;) 2 Z (A — 1(AGi+1)))

i=1 i=1

1
2
x A1 (r(,-), 056-))2:| )

ReEmark 7. If A — 400, then the GIVTLCWA operator degenerates to the Max operator

GIVILCWA([(11, 1), (1, o) ], [(2, @2), (2, 03) ], [, ). (s @)])

= max [(i. ). (ri- )]
and if A — —oo, then the GIVTLCWA operator degenerates to the Min operator

GIVTLCWA([(11, o4), (r1, )], [(2, @3), (2, @) ], - [(lns e3). (s 1))

= min [ (1, 1), (1 7))

Remark 8. If (/;, ocf.) = (r;, og{) foreachi =1,2,...,n, then the GIVTLCWA operator
degenerates to the generalized 2-tuple correlated averaging (GTCA) operator (Yang and
Chen, 2012)

GTCA((ZI ’ al)s (127 a2)1 LR (l}’ls Oln))
1

=A (Z (1(AG) — m(Ag11)) A 1, Oéé,»))k) :

i=1

Similar to the 2-tuple linguistic induced quasi-arithmetic Choquet integral aggregation
(Quasi-2- TLICIA) operator (Merigé and Gil-Lafuente, 2013), the Quasi-GIVTLCWA
(Q-GIVTLCWA) operator is defined as follows:
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Derinrion 10. Let X = {[(I1, ), (r1, )], [(2, ), (r2, @)1, .o, [ eth), (rn 0]}
be a set of interval-valued 2-tuple linguistic variables, and p be a fuzzy measure defined
on the ordered set N = {1, 2, ..., n}. The Q-GIVTLCWA operator is defined by

Q-GIVILCWA([ (11, &), (r1, o), [(2, @3), (2, @)1, - [(las e3). (s 1))

= A([g‘l ( (1(A@) — m(Aar1))g (A Uy, ai,»p)),

i=1

g (Z (w(A@) — (A1) g (A (rys 0!6))))})’

i=1
where g is a strictly continuous monotonic function such that g : [0, 1] - R, (-) is a per-

mutation on N with [(/(;), a{i)), (r(i) ;)] being the jth least value of [(4;, ab), (ri, e,
i=1,2,...,n,and Ay ={i,i +1,...,n} with Ag,41) =0.

Remark 9. If g(x) = x*, x € [0, 1], then the Q-GIVTLCWA operator reduces to the
GIVTLCWA operator.

Now, let us consider several desirable properties of the GIVTLCWA operator.

Theorem 1. Let X = {[(l;, &), (ri, @) }ien and Y = {[(z;, &l), (i, e)1}ien be two sets
of interval-valued 2-tuple linguistic variables and u be a fuzzy measure defined on the
ordered set N ={1,2,...,n}.

(i) Commutativity: let X' = {[(llf,otll.’,), (ri’,oci”)]},-eN be a permutation of X =
{[Ui,ad), (ri.a)]}iy- Then
GIVILCWA([(1. @) (1. 0)]. [(12: ). (2. 0] .. [(ns ). (7))

= GIVILCWA([(1}. ). (1. 1)) [(5. o). (5. 5)]. .
(@3 ) (s ) ]):

(ii) Comonotonicity: let (-) is a permutation on N with [(l(,-),otél.)),(r(,-),ot(’l.))]
and [(t¢), eéi)), (T @y, 86))] being the jth least values of [(;, af), (ri,al)] and
[(zi, &), (ri, €)), i € N, respectively. If (i, af;) < (zi), &(;)) and (ry, afy) <
(7‘[(,'), 86)), then

GIVTLCWA([(I],all), (r1,a{)], [(12, aé), (rz, ag)], e [(ln, afl), (rn, Ol:;)])
< GIVTLCWA([(tl,ell), (1. &0)]. [ (w2, 812), (2. €5)]. ...,

[(zn. &5). (ma- £7)]):
(iii) Idempotency: if [(I;, ocf), (ri, )] =[{, ocl), (r,a")] for eachi € N, then
GIVTLCWA([(11 o). (1. 0)]. (12 ). (2. @2)]. - [(nrL). - )])

= [(t.a). ("))
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(iv) Boundary:

[min ). min . )]
<GIVILCWA ([(11, 1) (r1, o) L[ (12, 02). (2, @) ] - [0 ). (s 7))

:
<[ o). i )|

Proof. Because ((u(Aq)) — u(Ai+1))))ien is a weight vector, namely, w(Aq)) —
n(Agy1)) 2 0 and 27:1 (m(Ai)) — n(Ai+1))) = 1, one can easily obtain the conclu-
sions. Il

Although the GIVTLCWA operator reflects the interactions between elements, it only
considers the importance of the ordered positions and gives the interactions between the
adjacent coalitions Ay and A1y, i =1,2,...,n. To eliminate these disadvantages,
the generalized interval-valued 2-tuple linguistic Shapley Choquet weighted averaging
(GIVTLSCWA) operator is defined as follows:

DerNtTioN 11. Let X = {[(l1, &), (r1, &)1, [(2, &b), (ra, &)1, ooy [y o), (rny o)1)
be a set of interval-valued 2-tuple linguistic variables, and ® be the associated general-
ized Shapley function for the fuzzy measure u on the ordered set N ={1,2,...,n}. The
GIVTLSCWA operator is defined by

GIVTLSCWA (1. (1. o) ], [(12. ). (2. 0)]. . [t} 1t}

-° <|:Z (Pag (. N) = @a sy, (1, N)) () (o XA (), O‘fi)))xﬁ

i=1

n x
Z (P (s N) = @y (1, ) (92, (0 X)A (), a(ri)))k] )’

i=1

where A € R, ¢y, (p, X) is the Shapley value for the fuzzy measure p on X with x; =
[, Otf), (ri,a)], i =1,2,...,n, (-) is a permutation on N with ¢, (0, X)[(L;)., aél_))’
(r(iy» ;)] being the jth least value of ¢y, (o, X)[(i, &), (ri,e/)], i =1,2,...,n, and
A(’) = {i?i+ 19 "'1”} Wlth A(}’l—‘rl) :@‘

From Definition 11, we know that the GIVTLSCWA operator does not only consider
the importance of elements and their ordered positions but also reflect their interactions.
However, the GIVTLSCWA operator does not satisfy idempotency that makes the ratio-
nality of this operator be questioned. Hence, we further present the following general-
ized interval-valued 2-tuple linguistic normalized Shapley Choquet weighted averaging
(GIVTLNSCWA) operator.

DerFiNmioN 12, Let X = {[(I1, ), (r1, )], [(l2, ), (r2, @)1, .o, [ eth), (rns )]}
be a set of interval-valued 2-tuple linguistic variables, and ® be the associated general-
ized Shapley function for the fuzzy measure u on the ordered set N ={1,2,...,n}. The
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GIVTLNSCWA operator is defined by

GIVTLNSCWA([(ll,all), (ri.ef)]. [(2, 0512), (r2.a5) ], [(Ins otfl), (rn.ap)])
. Z (@ (1. N) = Py (s N (@x) (0, X)A Uy, )
S Y @y (i N) = Pag (1, N) s, (0, X)P

1
_ AT
" (CDA(,') (I’LvN) - (DA(,'+])(M7N))(()0X(,') (p,X)A 1(”(1‘)’“6))) A
i=1 Z:’lzl ((DA(,') (I‘La N) - q)A(H,[)(I‘La N))¢X(i) (107 ‘X))V ,

’

where A € RT, ¢y, (p, X) is the Shapley value for the fuzzy measure p on X with x; =
[, Oéf), (ri,a)],i=1,2,...,n, (-) is a permutation on N with ¢, (0, X)[(j) O‘ii))’
(r). ;)] being the jth least value of @y, (0. X)[(i ), (i )] i =1,2,....n, and
A(’) = {i?i+ 19 "'1”} Wlth A(n+l) :@‘

RemMARrk 10. If there are no interactions between the elements as well as their ordered po-
sitions, then the GIVTLNSCWA operator degenerates to the generalized interval-valued
2-tuple linguistic hybrid weighted averaging (GIVTLHWA) operator:

GIVTLHWA([(I],otll), (r1,af)], [(lz, 0512), (rz, 055)], e [(ln, otf,), (rn, 052)])
- Aon -1 r
Wiy (@xgy A 1(1(1'),04,-))) Wiy (@ AT (r (i), ()

(D T el ]

Zi:l W(i)Wx ;) izl Zi:l W(i)Wx ;)
Remark 11. If A = —1, then the GIVTLNSCWA operator degenerates to the interval-
valued 2-tuple linguistic normalized Shapley Choquet weighted harmonic IVTLNSCWH)
operator

=l

IVTLNSCWH([([],al]), (r1,a{)], [(12, Ollz), (72, Ol;)], BN [(lm Oti), (”ns Ol,rl)])

n -1 n -1
ﬁx(i) ﬁx(i)
= A - 1 3 r )
([(; A7 (G, o) ; A~ ray, o)

where 9, = (Pag (1 N)=Pa; ) (1, N)) /@) (0, X) ;
O (@agy N =Py (1N 0x) (0. XD

=1,2,...,n.

Remark 12. If A — 0, then the GIVTLNSCWA operator degenerates to the interval-
valued 2-tuple linguistic Shapley Choquet weighted geometric mean (IVTLSCWGM) op-
erator

IVTLSCWGM([(1. o), (11, o)]. [ (1 ). (r2.5)]. .. [(fn02). (7))

CDA S N)—= @4 (1, N)
([HA l(,),a(l) ® G+ ’
l—[A r(’)’a(:) A(i)(lL,N)—@A(,-+l)(M,N):|).
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Remark 13. If A =1, then the GIVTLNSCWA operator degenerates to the interval-
valued 2-tuple linguistic normalized Shapley Choquet weighted averaging (IVTLNSCWA)
operator

IVILNSCWA([(1, 04). (1. @})]. [(12. ). (2. 05) . - [ (1. @b (- ) ))
Z (Dag, (1 N) = P ay, (16, N (0, X)AT Uiy, of;)
Z[:[ (CDA(,') (M’ N) - (DA(,'+]) (I’Lv N))(p)((,') (pa X)

Z (DA (1 N) = Dy (1, N (0, X)AT (i, f)
Z[:l((DA(,') (I’LvN) - (DA(,'+])(M7 N))(p)((,')(pa X) ’

3

Remark 14. If A = 2, then the GIVTLNSCWA operator degenerates to the interval-
valued 2-tuple linguistic normalized quadratic Shapley Choquet weighted averaging
(IVTLNQSCWA) operator:
IVTLNQSCWA ([(1, 1), (1, )], [(12, 02), (r2, 05) ], [ (s @) (s e)])
. Z (D) (s N) = Py, (1 N (@xg, (0, X)AT Uiy, fy))?
i=1 Z:’lzl ((DA(,') (I‘La N) - (DA(,'+]) ([L, N))¢X(i) (107 X)2

’

1
" (q)A(,)(MvN) CI)A(H,I)(MvN))((pX(,)(p X)A 1(}"(1), (l))) ] )

i=1 =1 ((DA(I') (,bL, N) - (DA(i+l) (,bL, N))(pX(,') (103 X)

RemArk 15. If ‘DA(,-) (u, N) — ‘DA(,+])(M, N)Y=->,i=1,2,...,n,and A = 1, then the
GIVTLNSCWA operator degenerates to the 1nterval valued 2 -tuple linguistic Shapley
weighted averaging (IVTLSWA) operator:

IVTLSWA([(11, 1), (1, @))] [(12, @3). (r2, 02) ] - [(1ns @) (s @)])

:A<[Z¢X,(st)A (llv(x) (ﬂx,(,O,X)A (I"l, )])

i=1

REMARK 16. If ¢y, (0, X) ==, i=1,2,...,n, and A = 1, then the GIVTLNSCWA op-
erator degenerates to the generahzed 1nterva1-valued 2-tuple linguistic Shapley Choquet
weighted averaging (GIVTLSCWA) operator

GIVILSCWA([(11, &), (n,@))] [(12, €5). (2, @3)], -, [(lns @a), (s ) ])

n
=A ([Z (P, (1. N) = DAy, (s N)A™ 1y o))

i=1

1
n N
Z ((DA(I') (s N) = @Ay, (1, N))A_l(’"(i)v 0‘6’)){| )
i=1
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Remark 17. If (/;, (xf) = (rq, (xi’), i=1,2,...,n, then the GIVTLNSCWA operator de-
generates to the generalized 2-tuple linguistic normalized Shapley Choquet weighted av-
eraging (GTLNSCWA) operator

GTLNSCWA ((I1, o)), (L2, &b), ..., (In. o))

n

2

1
_ N
" (@ ag (11 N) = Py (1 N)) (@x (0, X)AT 0y, 0l )™\ 7
i=1 Z?:l ((DA(,') (I‘La N) - CI)A(H,I)(I‘La N))(p)((,') (pv }())V
(@i (N)=Pa ) (1N, (p, X) )
1 (@ag) 0 N)=Pag ) (. N)gx g (0. X)"iEN
one can easily derive that the GIVTLNSCWA operator satisfies Commutativity, Comono-
tonicity, Idempotency, and Boundary.

Similar to the Q-GIVTLCWA operator, the Quasi-GIVTLNSCWA (Q-GIVTLNSCWA)
operator is defined as follows:

Since ( is a weight vector, by Theorem 1

DeriNtTioN 13. Let X = {[(1, &), (r1, &)1, [(a, &b), (r2, @)1, oo, [y @h), (s o)1)
be a set of interval-valued 2-tuple linguistic variables, and @ be the associated general-
ized Shapley function for the fuzzy measure u on the ordered set N = {1,2,...,n}. The
Q-GIVTLNSCWA operator is defined by

Q—GIVTLNSCWA([(Z],O{%), (ri.ef)]. [(2, o), (r2.e5)], - [ (I, al), (rn.a)])
_ A —1 i (CDA(,') (I‘L’ N) - CI)A(H,I)(Mv N))g((p)((,') (pv X)A_l(l(i)v aé,)))
" T T @, e M) B, (e Mg, (0. X)) )

o Z (@agy (s N) = Py, (1 N)& (@ (0, X)AT (1, fy)))
i=1 Z:’lzl ((DA(,') (Mv N) - (DA(,'+]) (I‘L’ N))g((!’x(,-) (pa X)) '

where g is a strictly continuous monotonic function such that g : [0, 1] = R, ¢y, (0, X)
is the Shapley value for the fuzzy measure p on X with x; = [([;, ocf), (ri, (xl.’)], i =
1,2,...,n, (-) is a permutation on N with @xq) (0, X)[(l(,-),afl.)), (r(i),oc(’i))] being the
Jjthleast value of ¢y, (0, X)[(;, ocf), (ri, (xi’)], i=1,2,...,n,and Ay ={i,i +1,...,n}
with A1) =0.

Remark 18. If g(x) = x*, x € [0, 1], then the Q-GIVTLNSCWA operator reduces to the
GIVTLNSCWA operator.
4. An Approach to Multi-Attribute Decision Making

As we know, in decision making another hot topic is how to obtain the weight vector. Zha
(2013) introduced a method to determinate the weight vector using the precision function
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that considers the higher degree of precision of the interval-valued 2-tuple linguistic vari-
ables the bigger weights will be. Although this method is simple, the author does not give
more explanations. As we know, the elements’ importance is mainly determined by object
self, such as the decision makers and the attributes. Take a special case to illustrate; if all
interval-valued 2-tuple linguistic variables have the same degree of precision, then they
have the same weight that equals to 1/x. This seems to be unreasonable.

4.1. Models of the Optimal Weight Vectors

Similar to the correlation coefficient of interval-valued intuitionistic fuzzy sets (Bustince
and Burillo, 1995), we define the following correlation coefficient of interval-valued
2-tuple linguistic variables.

DeriNtTION 14. Let X = {[(l;, al), (i, @) }ien and ¥ = {[(z;, &), (77, €1)1}ien be two
sets of interval-valued 2-tuple linguistic variables with /;, r;, t; and r; being the linguistic
terms in S = {sg, 51, ..., 5;}. The correlation coefficient of X and Y is defined by

C(X,Y)

HED = TE

A U a~ (eh+A7 (a0 A (. 0)

where N = {1,2,...,n}, C(X,Y) = Y ", 5 is
1. o2 A= (e 72
the correlation between X and Y, E(X) =Y/, (A~ o) J;A 127 and EY) =
1 N2 =i )2
Y (@& (map) J;A @47 are the informational energies of X and Y, respectively.

Proposition 1. The correlation coefficient K (X, Y) between X = {[(l;, af), (ri, o) }ien
and Y = {[(7;, 85), (i, 8{)]},-61\/ satisfies the following conditions:

(i 0K KX, V)<,
(i) K(X,Y)=K(,X);
(ili) K(X,Y)=1,if X =Y, namely, [(;, o)), (ri, a)] = [(1;, ), (i, €0)] for each
i=1,2,...,n.

Proof. By the Cauchy—Schwarz inequality, it is not difficult to get the conclusion (i). Fur-
thermore, from the definition of the correlation coefficient one can easily get the conclu-
sion (ii) and (iii). O

Consider a multi-attribute group decision-making problem, in which the attribute pref-
erence values take the form of uncertain linguistic variables. Suppose there are m alter-
natives A = {a, a», ..., ay,} and n attributes C = {cy, ¢3, ..., ¢y}, which are evaluated
by g experts, E = {e1, e2, ..., ¢;}. Assume that Rk = (Efj)mxn is the uncertain linguistic
decision matrix given by the expert e, where sfj = [slki i sfl. j] is the uncertain linguistic
preference value of the alternative a; € A for the attribute ¢; € C, and slki j and sfi j
to the predefined linguistic termset S ={s; | i =0, 1,...,7}.

belong
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e Models for the optimal weight vector on the expert set

Let R = (5; )mxn be the average interval-valued 2-tuple linguistic decision matrix,
with 5;; = [A(é i, A*l(s,’;j,O)), A(é i, A’l(sfij,O))] forall i =1,2,...,m;

Jj=1,2,...,n.Calculate the correlation coeflicient K (5}, E?) between 5; = (8ij)i=1,...m

yeney

and sf = ([(s,’;.j, 0), (sf,.j, 0)])i=1...mforall j=1,2,....,n;k=1,2,...,q.If the weight
information on the expert set is not exactly known, then the following model for the opti-

mal weight vector w on the expert set E is established.

q n
maxZZwekK(Ej,Eﬁ),

k=1 j=1

ZZ:lwekzl’
S.t. Jwe =0, k=1,2,...,q, )

We, € Wepo k=1,2,....¢q

where W,, is the range of the expert ey.

In model (1), if we delete the condition w,, € W,,, k =1,2,..., g, then model for
the optimal weight vector on the expert set where the weight information is completely
unknown is obtained. From model (1), one can conclude that the closer an expert’s eval-
uation values are to the other experts’, the larger the weight measure is. This can avoid
the unduly high or low evaluation values induced by the experts’ limited knowledge or
expertise.

Model (1) is based on the assumption that the importance of the experts is independent.
However, the experts’ importance is a relative value that is influenced by the other experts.
Considering the interdependence between the experts, the following model for the optimal
fuzzy measure p on E is established.

qg n
maXZZ(pek(p’ E)K(EI’EI;)’

k=1 j=1
p(E) =1,
< - tSC
St p(S) <p(M), VS, TCEstSCT, ?)

pler) eW,,, k=1,2,...,q,
plex) =0, k=1,2,...,q,

where ¢, (0, E) is the Shapley value of the expert ei.
Here we use the experts’ Shapley values as their importance that overall consider their
interactions. If there are no interactions, then model (2) degenerates to model (1).

o Models for the optimal weight vector on the ordered set Q

For each j = 1,2,...,n, reorder the correlation coefficient K(EA/,E;?), ke Q=
{1,2,...,q}, in increasing order such that K (5, Egk)) < K (55, E;Hl)), where (-) is a per-
mutation on Q = {1,2,...,q — 1}. The following model for the optimal weight vector &

on the ordered set Q is constructed.
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q n
maxZZka(Ej, Ej.k)),

k=1 j=1
ZZ:I wr =1,
s.t. Jwr =0, k=1,2,...,q, 3)

wk eWr, k=1,2,...,q,

where Wy is the range of the kth’s position.
Considering the interdependence between the ordered positions, the following model
for the optimal weight vector ; on Q is constructed.

q n
max Y Y ok, QK (5,5,
k=1 j=I
n(@) =1,

w(S) < u(T), VS, TCQst.SCT,
M(k)Eka k:],z,...,q,
wuk) =0, k=1,2,...,q,

“)

where @ (u, Q) is the Shapley value of the kth position.

In models (3) and (4), if we delete the condition wy € Wy and w(k) € Wy, k =
1,2,..., q,then models for the optimal weight vectors on Q where the weight information
is completely unknown are obtained.

e Models for the optimal weight vector on the attribute set
Let R = (x,'j)
sion matrix with x;; = [(lij,oc,l.l.), (r,-j,oc,.’l.)] foralli =1,2,...,m; j=1,2,...,n. Let

be the comprehensive interval-valued 2-tuple linguistic deci-
mxn

Xt = x x5 and )i_ = (xl_,xz_,...,xrg) be respective the positive and
negative ideal vectors, where x; = [maxlg,-gm(l,'j,oeij), max i <m (7ij, al.’j)] and x; =
. l . . .
[min; <; <m (i, ogl.j), miny ; <m (¥ij, O‘irj)] forall j =1,2,...,n.Calculate the correlation
coefficient K (x}", xij) between x;' and x;; as well as the correlation coeflicient K (xj_, Xij)

between x; and x;; foralli =1,2,...,m; j=1,2,...,n. For the benefit attribute c;, let

K (] \xij) K (x} xi))

dij = K(x;,xi,-)+1<(xj+,x,-,-)’ and dj; = K(x;.,x,-,-)+1<(xj+,x,-,-)’
If the weight information on the attribute set C is not exactly known, the following

model for the optimal weight vector w on C is built.

otherwise.

m n
maxZZd,-jwcj,
i=1 j=1
Z;!:] wc.,'zly
st. ywe; =0, j=12,...,n,
ijEWCj, j=12,...,n,

where W, is the range of the attribute c;.
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Considering the interdependence between attributes, the following model for the op-
timal weight vector v on C is built.

m n
maxZZd,-j(pcj(v,C), (5)
i=1 j=1
v(C) =1,
< CCst.SC
ot v(S) <u(T), VS, TCCst.SCT, ©)

v(cA,')EWCj, j=12,...,n,
v(cj) =0, j=12,...,n,

where ¢.; (v, C) is the Shapley value of the kth position.
From models (5) and (6), one can easily get the corresponding model for the optimal
weight vector on the attribute set C where the weight information is completely unknown.

e Models for the optimal weight vector on the ordered set N

Foreachi =1,2,...,m, let (-) be a permutation on d;;, j = 1,2,...,n, such that
d;(j) being the jth least value of d;;. Similar to model for the optimal weight vector on
the ordered set Q, if the weight information on the ordered set N is incompletely known,
the following model for the optimal weight vector w on N is constructed.

m n
maxZZd,'(j)a)j,
i=1 j=1
n
Zj:l wj=1,
st. qw; =0,

=1,2,...,n, 7
a)jer, 1,2

where W; is the range of the jth position.
Considering the interdependence between the ordered positions, the following model
for the optimal weight vector  on N is constructed.

m n
maxz Zd,’(j)(ﬂj(n, N),

i=1 j=I

n(N)=1

ot nS) <n(T), VS, TCNst.SCT, ®)
n(ew; j=L2,...n,
n(j) =0, j=12,...,n,

where ¢ (1, N) is the Shapley value of the jth position.

Deleting the conditionsw; € W; and n(j) € W;, j =1,2,...,n,inmodels (7) and (8),
models for the optimal weight vector on the attribute set where the weight information is
completely unknown are obtained.
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4.2. An Approach Based on the GIVTLNSCWA Operator

This subsection develops an approach to multi-attribute group decision making under un-
certain linguistic environment using GIVTLNSCWA operator. The main decision proce-
dure can be described as follows:

Step 1: Transform the uncertain linguistic decision matrix Ak = (Efi)mxn, k=1,2,...,q,

into interval-valued 2-tuple linguistic decision matrix R¥ = (”,-kj)mx n, Where rikj =

[(slkl. i 0), (sfl. i 0)] is an interval-valued 2-tuple linguistic variable such that slkij and

sfl.j belong to the predefined linguistic term set S = {s;|i =0, 1, ..., t}.
Step 2: Calculate the average interval-valued 2-tuple linguistic decision matrix R =
(Eij )m Xn -

Step 3: Utilize model (1) or (2) to calculate the optimal weight vector on the expert set E'.

Step 4: Utilize model (3) or (4) to calculate the optimal weight vector on the ordered
set Q.

Step 5: Use the GIVTLNSCWA operator to calculate the comprehensive interval-valued
2-tuple linguistic variable, we obtain the comprehensive interval-valued 2-tuple
linguistic decision matrix R = (x;j)mxn With x;; = [(sy;}, ocfj), (Srijs ocl.’j)] for all
i=12,....m;j=1,2,...,n.

Step 6: Utilize model (5) or (6) to calculate the optimal weight vector on the attribute
set C.

Step 7: Utilize model (7) or (8) to calculate the optimal weight vector on the ordered
set N.

Step 8: Again use the GIVTLNSCWA operator to calculate the comprehensive interval-
valued 2-tuple linguistic variables x;; = [(slij,ocf.j), (S’if’aZi)] of the alterna-
tivesa;, i =1,2,...,m.

Step 9: According to the comprehensive interval-valued 2-tuple linguistic value x; =
[(siy, i), (8iy, 005)], 1 = 1,2, ..., m, calculate the score S(x;) = (i1 +i2 + o, +
@;,)/2t and the accuracy degree H (x;) = (i —i1 + «;, — o, )/2¢t. Then, select the
best one.

Step 10: End.

5. An Illustrative Example

In this section, we use a multi-attribute group decision-making problem of determining
which kind of air-conditioning systems should be installed in a library (Yoon, 1989) to
illustrate the proposed approach.

A city is planning to build a municipal library. One of the problems facing the city
development commissioner is to determine which kind of air-conditioning systems should
be installed in the library. The contractor offers five feasible alternatives, which might be
adapted to the physical structure of the library. The offered air-conditioning system must
take a decision according to four attributes: (1) performance c1; (2) maintainability c3;
(3) flexibility c3; and (4) safety c4. The five possible alternativesa; (j = 1,2, 3,4, 5) are to
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be evaluated using the uncertain linguistic variables by three experts under the above four
attributes on the predefined linguistic term set S ={s; | i =0, 1, ..., 6}, and construct,
respectively, the decision matrices as listed in the following:

[s5,56] [s4,85] [s2,54] [s3,54]
[s3,54] [s1,83] [s5,56] [s2,53]
A'=| [s2,54] [s3.54] [s1.s3] [s3.s5] |,
[s4,55] [s3,85] [s6,s6] [s2,s3]
[s2,53] [s4,56] [s4,55] [s3,54]
[s3,85]1 [s2,84] [s1,52] [s3,55]
[s4,55] [s2,83] [s2,53] [s4,s6]
AT = [s1,52] [s3,85] [s1,82] [s2,830 |,
[s3,85] [s2,84] [s2,54] [s1,3]
[s1,83] [s4,85] [s5,56] [s4, 6]
[s2,83] [s3,84] [s1,53] [s2,s3]
[s3,85] [s1,s3] [s3,55] [s2,84]
AP = | [s1,53] [sa,s5] [s2,83] [s4,s5]
[s2,83] [s3,54] [s4,55] [s1,2]
[s4,55] [s3,54] [s3,54] [s2,54]

Assume that the weight vector on the expert set E is provided by Wg = ([0.2,0.3],
[0.4,0.5],[0.3,0.4]) and the weight vector on the ordered set Q = {1, 2, 3} is given by
Wgo = ([0.1,0.3],[0.2, 0.4], [0.3, 0.5]). Furthermore, the weight vector on the attribute
set C isdefinedby W¢e = ([0.1, 0.3], [0.1, 0.2], [0.2, 0.4], [0.3, 0.5]) and the weight vector
onthe orderedset N = {1, 2, 3, 4} is providedby Wy = ([0.1, 0.2], [0.15, 0.25], [0.2, 0.3],
[0.25, 0.35]). To obtain the best alternative(s), the following procedure is involved.

Step 1: From A¥, k =1,2,3, we can easily get the associated interval-valued 2-tuple
linguistic decision matrices, take A' for example,

[(s5,0), (6, 0)]
[(53, 0), (54, 0)]
R' = | [(52,0), (s4,0)]
[(s4, 0), (s5,0)]
[(52, 0), (53, 0)]

[(s4,0), (s5,0)]
[(s1,0), (s3,0)]
[(s3,0), (s4,0)]
[(s3,0), (s5,0)]
[(s4,0), (s6,0)]

[(s2,0), (s4,0)]
[(s5,0), (s6,0)]
[(s1,0), (s3,0)]
[(s6, 0), (s6,0)]
[(s4,0), (s5,0)]

[(s3,0), (s4,0)]
[(s2,0), (s3,0)]
[(s3,0), (s5,0)]
[(s2,0), (s3,0)]
[(s3,0), (s4,0)]

Step 2: Using R, k = 1,2, 3, we get the following average interval-valued 2-tuple

linguistic decision matrix

[(s3,0.33), (s5, —0.33)]
[(s3,0.33), (s5, —0.33)]
[(s1,0.33), (s3,0)]
[(s3,0), (s4,0.33)]
[(52,0.33), (s4, —0.33)]

R=

[(s3,0), (s4,0.33)]
[(s1,0.33), (53, 0)]

[(s3,0.33), (s5, —0.33)]
[(s3,—0.33), (s4,0.33)]

[(s4, —0.33), (s5,0)]

[(s1,0.33), (53, 0)]

[(s3, —0.33), (54, 0)]

[(s3,0.33), (s5.—0.33)]  [(s3, —0.33), (54,0.33)]

[(s1,0.33), (s3, —0.33)]

[(54,0), (s5,0)]
[(s4,0), (s5,0)]

[(s3,0), (s4,0.33)]
[(s1,0.33), (53, —0.33)]
[(s3,0), (s5,—0.33)]
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Step 3: From steps 1 and 2, we obtain the correlation coeflicients as follows:

(K (51,51), K (52.5), K (53.53), K (54, 54)) = (0.978,0.991, 0.988, 0.984),
(K (51,57), K (52, 53), K (53, 53), K (54, 57)) = (0.982,0.991,0.952,0.971),
(K (51,57). K (52.53), K (53.53), K (54,53 )) = (0.949,0.991,0.99, 0.978).

According to model (2), the following linear programming model for the optimal fuzzy
measure p on E is built.

max0.0128(p(el) — plea, e3)) — 0.009(,0(62) — pleq, e3))
— 0.003(,0(e3) — pleq, ez)) +3.915,

pler,ez,e3) =1,
st. 1 o) <p(T), VS, TCH{ey,er,e3}st. SCT,
p(e1) €[0.2,0.3], p(er) €[0.4,0.5], p(e3)€[0.3,04].

Solving the above model, we get

ple1) =p(e3) =0.3, ple2) =04, plez,e3) =04,

ple1,ex)=pler,e3) =p(er,e2,e3) =1,
and the experts’ Shapley values are @, (o, E) = 0.52, ¢.,(p, E) = 0.26, @.,(p, E) =
0.22.

Step 4: From the correlation coefficients given in step 3 and model (4), the following
linear programming model for the optimal fuzzy measure p on Q is built.

max —0.0256(u (1) — (2, 3)) +0.01(n(2) — (1, 3))
+0.017(1(3) — n(1,2)) +3.915,

n(,2,3)=1,
st. {(S) <u(T), V¥S,TC{1,2,3)}st.SCT,
n(1) €[0.1,0.3], () e[0.2,0.4], wn@3)e[0.3,0.5].

Solving the above model, we obtain

p(1) =0.1, n2)=mpn(l,2)=0.2, n3)=n(,3)=0.5,
n2,3)=n(,2,3)=1,

and the ordered positions’ generalized Shapley values are @33 (u, Q) = 1,
®(2.3) (1, Q) = 0.95, B3(sx, Q) = 0.63.
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Step 5: If A =1, by the GIVTLNSCWA operator the comprehensive interval-valued
2-tuple linguistic matrix is obtained as follows:

[(s5. —0.473), (s6. —0.276)] [(s4, —0.235), (55, —0.203)] [(s2, —0.203), (54, —0.235)]  [(s3, —0.033), (s, 0.448)]
[(s4. —0.46), (s5, —0.12)] [(s1,0.48), (s3,0)] [(s5. —0.438), (ss. —0.267)]  [(s3,0.109), (s5, —0.001)]
R = | [(52.0203), (s4,-0.235)] [(s4, —0.441), (s5. —0.105)]  [(s1.0.032), (s3. —0.48)]  [(s3,0.395), (s5. —0.082)]
[(s.—0.25), (s5. —0.053)]  [(s3. —0.032), (s5. —0.203)] [(s6. —0.469), (s, —0.235)] [(s2, —0.223), (s3. —0.026)]
[(53.0.169), (s3,0.082)]  [(s4, —0.026), (55, —0.249)]  [(s4.0.448), (55, 0.448)] [(s3.0.448), (s5, —0.04)]

Step 6: From the comprehensive interval-valued 2-tuple linguistic matrix R, we have

0.619 0.615 0.607 0.58
0.603 0.558 0.687 0.586
D = (d;j)sxa = 0.567 0.613 0.555 0.588
0.606 0.605 0.702 0.551
0.577 0.623 0.684 0.588

According to model (6), the following linear programming model for the optimal fuzzy
measure v on C is built.

max —0.0187(1)(61) —v(c, 3, C4)) — 0.0046(1)(62) —v(cy,c3, C4))
+ 0.0686(1)(63) —v(cy, c3, C4)) — 0.0453(1)(6‘4) —v(cy, 2, C3))
- 0.0117(1)(61, c2) —v(cs, C4)) +0.025(v(cl, c3) —v(ca, C4))
— O.O32(v(c1 ,c4) —v(c2, C3)) + 3.0284,

v(cy, 2, ¢3,¢4) =1,

v(S) <v(T), VS, T C{ci,c2,¢3,¢c4}st.SCT,
v(cy) €[0.1,0.3], wv(c2) €[0.1,0.2],

v(c3) €[0.2,0.4], wv(cq) €[0.3,0.5].

Solving the above model, we get

v(c) = v(e) =v(cy, ) =0.1, v(c3) =04,
v(cq) = v(c1, c4) = v(c2, ca) = v(c1, €2, ¢4) = 0.3,
v(cr, €3) = v(c2, €3) = v(e3, ca) = v(cr, €2, ¢3) = v(er, €3, ca) = v(c2, €3, ¢4)
=v(c1, 02, ¢3,¢4) =1,
and the attributes’ Shapley values are ¢, (v, C) = @, (v, C) = 0.075, ¢, (v, C) = 0.675,
@c, (v, C) =0.175.

Step 7: From the matrix D in step 6 and model (8), the following linear programming
model for the optimal fuzzy measure n on N is built.

max —0.0693(n(1) — n(2,3,4)) —0.0255(n(2) — n(1,3,4))
+0.0024(n(3) — n(1,2,4)) +0.0924(n(4) — n(1,2,3))
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—0.0474(n(1,2) — n(3,4)) — 0.0335(n(1,3) — n(2,4))
+0.0115(n(1,4) — n(2, 3)) + 3.0284,

n(1,2,3,4)=1,

n(S) <n(T), VS, T<C{l1,2,3,4}st.5CT,

n(1) €[0.1,0.2], n(2) €[0.15,0.25],
n(3) €[0.2,0.3], n(4) €[0.25,0.35].

Solving the above model, we derive

n(1)=0.1, n(2)=n(1,2)=0.15,

n3)=n,3)=n2,3)=n(,2,3)=0.2,

n4) =0.35n(1,4)=n2,4)=nG.4) =n,2,4)=n(,3,4) =n2,3,4)
=n(1,2,3,4) =1,

and the ordered positions’ generalized Shapley values are @234, N) = 1,
D23,4)(n, N) =0.95, ®(3.4)(n, N) =0.91, ®4(n, N) =0.704.

Step 8: If L = 1, by the GIVTLNSCWA operator the comprehensive interval-valued
2-tuple linguistic values of the alternatives a;, i =1, 2, 3,4, 5, are obtained as follows:

x1 = [(53,0.474), (55,0.096)],  x2={[(s4,0.488), (s6,0.323)],
x3=[(53,0.209), (s4,0.237)], x4 ={(s5,0.395), (s, 0.314)],
x5 = [(54,0.407), (s5,0.433)].

Step 9: From the comprehensive interval-valued 2-tuple linguistic values x;, i =
1,2, 3,4, 5, the scores are

S(x1) =0.698, S(x2) =0.847, S(x3) =0.586,
S(x4) =0.923, S(xs5) =0.82.

Thus, the ranking result is a4 > a» > as > aj > a3. Namely, the alternative a4 is the best
choice.

In the above example, we only give the ranking order according to the GLHFHSWA
operator with & = 1. With respect to the different values of A, ranking order is obtained
as shown in Table 1.

From Table 1, we see that the ranking orders are different for the different values of A.
The ranking orders are stable with the increase of the value of A, and the alternative a4
changes from the worst to the best.

In this example, if we assume that there are no interactions, by the GIVTLHWA oper-
ator ranking orders are obtained as shown in Table 2.
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Table 1
Ranking order based on the GIVTLNSCWA operator.
S(x1) S(x2) S(x3) S(x4) S(x5) Ranking order
r==2 0.6386 0.6607 0.6431 0.5875 0.6643 as >ay >az>a; >ay
r=-—1 0.689 0.6325 0.6723 0.641 0.724 as >a) >az>a4 > ap
A—0 0.7359 0.7421 0.6614 0.7899 0.8036 as >a4 >ay>ay; >as
r=1 0.6982 0.847 0.5856 0.9234 0.82 as >ay>as>aj >as
A=2 0.5772 0.891 0.4666 0.9728 0.8038 ag >ay >as>aj >az
r=5 0.5003 0.9153 0.3732 0.9985 0.7643 as >ay>as>a; >as
Table 2
Ranking order based on the GIVTLHWA operator.
S(x1) S(x2) S(x3) S(xq) S(x5) Ranking order
r=-2 0.6631 0.601 0.4219 0.6202 0.5478 a) >a4 >apy>as>as
rA=-—1 0.6565 0.6148 0.4786 0.6317 0.6451 ay >as >a4 >ap > a3
r—0 0.634 0.6512 0.5452 0.6613 0.7257 as>aq >ay>ay; >as
rA=1 0.6095 0.7013 0.5833 0.7176 0.7778 as >ag >ay >ay >az
rA=2 0.5916 0.7409 0.5935 0.775 0.8148 as > a4 >apy >az > aj
A=5 0.5677 0.7895 0.5799 0.8491 0.8791 as >aq >ay >az >aj

From Table 2, we also obtain the different ranking orders for the different values of
A. The ranking orders are stable with the increase of the value of A, but the alternative as
changes from the worse to the best.

From this example, we know that the different ranking orders are obtained using the
different aggregation operators as well as the different values of A. Thus, before making a
decision, the experts need to decide the using aggregation operator and A value. If there
is no special explanation, we suggest that the experts use the GLHFHSWA operator. For
the value of X, the pessimistic experts could use the smaller A value and the optimistic
experts may apply the larger A value. Meanwhile, the neutral experts could use A = 1.

In this example, we use the introduced interval-valued 2-tuple linguistic representation
model to make decision, whereas we can also apply models given in the literature (Lin et
al., 2009; Zhang, 2012) to obtain the best choice.

6. Conclusion

With respect to multi-attribute decision making with uncertain linguistic variables, the
paper introduces an interval-valued 2-tuple linguistic representation model, by which any
interval-valued 2-tuple linguistic variable can be transformed into an interval in [0, 1].
To address the interactions between elements, some interval-valued 2-tuple linguistic ag-
gregation operators are defined. Because of various reasons, such as the complexity and
uncertainty of real world decision making problems and the inherent subjective nature
of human thinking, the weight information is usually incompletely known. To obtain the
weight vector, some models based on the correlation coefficient and the Shapley function
are established. Then, an approach to uncertain linguistic multi-attribute group decision
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making is developed. It is worth pointing out that the new defined Choquet operators can
process the interval-valued 2-tuple linguistic representation models introduced by Lin et
al. (2009) and Zhang (2012).

In addition, when the domain of uncertain linguistic variables is restricted in the set-
ting of linguistic variables, the introduced method can be directly used in linguistic multi-
attribute decision making. Besides the application in the decision making, the defined
aggregation operators and models for the optimal weight vectors can also be used in some
other fields, such as human resources management, pattern recognition, clustering analy-
sis, and social science.
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Kai kurie apibendrintieji koreliuojantieji intervaluose vertinami
kortezZiniai lingvistiniai apjungimo operatoriai ir jy taikymas priimant
sprendimus

Fanyong MENG, Mingxun ZHU, Xiaohong CHEN

Pristatytas naujas sprendimy pri¢émimo intervaluose vertinimy daugelio rodikliy (daugiatiksléje) ne-
raiSkioje kalbinéje aplinkoje korteZininis lingvistinis iSreiSkimo modelis. UZdaviniams spresti, kai
aibés elementai yra tarpusavyje priklausomi, yra apibrézti apibendrintieji koreliuojantieji interva-
luose vertinami korteZiniai lingvistiniai apjungimo operatoriai. Verta pazyméti, kad intervaluose
vertinami lingvistiniai korteZy operatoriai, grindZiami suminiais matais, yra ypatingieji miisy ope-
ratoriy atvejai. Aptariami kai kurie atvejai ir jy norimos savybés. Sudaryti modeliai, grindZiami
koreliacijos koeficientu. Jais galima gauti optimalias reikSmingumy (svoriy) vektoriaus reikSmes.
Sudarytas grupinis daugiarodiklis (daugiatikslis) sprendimy priémimo modelis, kuris apibréZiamas
neraiskia lingvistine informacija. Galiausiai, pasirinktas pavyzdys, sukurtos procediiros efektyvu-
mui ir tikslingumui parodyti.



